The Many-Electron Atom

I. Introduction

Most systems of chemical interest have more than one electron and, indeed, more than one
atom. However, many essential chemical principles follow from atomic structure, and so we will
start by considering many-electron atoms. The starting point is, of course, the Schrédinger equation
in the Born-Oppenheimer approximation, which for an N-electron atom with atomic number Z is (cf.
Eqg. (1.20))
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Here, the first term is the kinetic energy of electron i, the second term is its electron-nuclear attraction
potential (we assume the nucleus is at the origin, R = 0), and the third term is the electron-electron
repulsion potential between electron i and the other electrons in the system). If N > 1, no exact
solutions to this equation are known and, indeed, it is believed that the wave functions of many-
electron atoms are infinitely complex (in the sense that there is no way to “write down” what they
are). The essential problem is, as we shall see, the conflict between the electron-electron repulsion
term, which couples electrons together in an intricate dance of mutual avoidance, and the electron-
nuclear attraction, which induces electrons into frequenting the regions of space nearest the nucleus.
An electron “wants” to be close to the nucleus and far away from the other electrons at the same time,
and it goes to great lengths to do so, introducing extraordinary complexity into the electronic wave
function. Describing, however approximately, the intricate dance of the electrons is called the
problem of electron correlation, but we won’t have much to say about that right now.

II. The Helium Atom

A. The Introduction of Orbitals

The key elements of the many-electron atom can already be understood by considering the
two-electron, Helium-like, atom. The Schrodinger equation simplifies to
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Again, the problem is the electron-electron repulsion term. Let us start by ignoring the electron-
electron repulsion term. Then the 2-electron Hamiltonian becomes the sum of two electronic
Hamiltonians and the Schroédinger equation becomes:

¥onn =BV nn (3.3)

We can solve this equation with separation of variables: take ¥ 7,7, = ¢ n, ¢ , , substitute into
Eg. (3.3), and simplify:

(3.4)



If we assume that ¢ r are wave-functions for the one-electron atom with
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This is a very poor model for the 2-electron atom, since we neglected the electron-electron
repulsion potential, a term that has about the same size as the electron-nuclear attraction. (The
electron-nuclear attraction energy is about twice the size of the electron-electron repulsion energy.
Contrast this with the Born-Oppenheimer approximation, where the terms neglected in Eq. (1.26) are
about 2000 times smaller than the terms retained.) As a consequence the ground state energy in the
“repulsionless” Helium atom is -4 Hartree, as compared to the exact (within the non-relativistic and
Born-Oppenheimer approximations) energy of -2.9037 Hartree. This error is about 700 kcal/mol
(2900 kJ/mol), which is horrible by any standard. Clearly, we must do better.

But before we do better, we should discuss what we have learned: in the absence of electron-
electron repulsion, the wave function is a product of hydrogenic orbitals and the total energy is a sum
of hydrogenic energies. This provides a basis for chemistry, in which we discuss the s, p, and d-
orbitals on many-electron atoms (and even atoms in molecules) by presuming that they look like—
and have energies similar to—one-electron atoms’ orbitals. This is an assumption of course, but there
is a large body of experimental, theoretical, and, most importantly, practical experience that suggests
that even though “hydrogenic orbital paradigm” may not be mathematically valid, it is conceptually
useful.
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B. Perturbation Theoretic Corrections to the Orbital Model

We can compute corrections to the simple orbital-based approach of Eg. (3.5) using
perturbation theory. To do this, write the Hamiltonian as
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and use the fact that the known “hydrogenic solutions”, Eq. (3.5), are the exact solutions to the

Schrodinger equation with A = 0. We can correct the energy by writing the Taylor series in X,
namely

E=EX=0 +X5%[_ +33E  +- (3.7)
We are most interested in the case A =1,
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We can evaluate g—f using first-order perturbation theory or, what amounts to the same thing,

the Hellmann-Feynman theorem. So
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The integral in Eq. (3.9) is a bit tricky; the key idea is that
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The “angular” terms, A 6,¢:60',¢’ , do not contribute when the wave functions are spherically
symmetric (that is, if the wave functions are s-orbitals), so in this case
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The key integral is obtained by integration by parts, namely,
fx"’e_”“dx =X [—% — i””af#x"_’”] (3.12)
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We evaluate this last integral to obtain
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If we neglect the higher order terms in Eq. (3.8), then we obtain the energy
perturbation
ES" = 7% + 3 Hartree (3.15)
which, for the Helium atom, gives
perturbation
E;S"  =-1 Hartree (3.16)

= —2.75 Hartree

One can refine this result by going to higher orders of perturbation theory. However, this is not
entirely straightforward. If one does the perturbation theory in a clever way, one can get accurate
results not only for the Helium atom, but also for the other two-electron atoms of chemical relevance,
specifically the hydride ion, lithium cation, and beryllium dication.

C. The Effective Nuclear Charge and Hartree-Fock Theory

To make further progress, it is helpful to consider the perturbation theory treatment more
carefully. Note that perturbation theory amounts to evaluating the energy of the approximate wave
function
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That is, the perturbation theory energy is obtained by evaluating

E:<wls o, [He, n v, 7}>

= 2Eéd + <¢ls Irl 1/}15 T:Z ‘/eﬁ wls ’rl 1/}15 r‘z >
where we have approximated the wave function as a simple product of the 1s-orbitals of the one-
electron atom with atomic number Z. Here, E;*" is the energy of the one-electron atom and (V,, ) is

the electron-electron repulsion energy for this approximate wave function. Comparing to Eq. (3.7),

(3.18)
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we recognize that 2£ is just the electron-electron repulsion energy. No convincing argument has
been made for choosing the product of the hydrogenic wave functions to approximate the wave
function of the two-electron atom.

To improve our choice of orbitals, we need to thoroughly understand the implications of our

preceding analysis. To this end, reexpress the result from Eq. (3.13) as
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and note the similarity of this form to the nuclear-electron attraction energy
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Comparing Egs. (3.19) and (3.20), we see that the effect of the electron-electron repulsion is to reduce
the nuclear charge an electron feels at a given distance, » from the nucleus from Z to

Zyr =2-1+ e Zr+1 . (3.21)

Observing Eq. (3.21), we see that the effective nuclear charge at the nucleus is just the “bare” nuclear
charge (Z) and far from the nucleus the effective nuclear charge is Z — 1, because an electron far
from the nucleus feels an attractive force from the nucleus but a repulsive force due to the other
electron. For intermediate r, we the effective nuclear charge is between Z and Z-1, and is depicted in
figure 3.1. Because the each electron essentially “shields” or “covers” the nuclear charge, reducing
its potency to the second electron, we speak of this effect as “nuclear shielding”. Sometimes the
effective nuclear charge is called the “dressed” nuclear charge. (The picture is that the electron cloud
acts as a sort of veil, concealing the “naked” nuclear charge from the electrons in an atom.)
This suggests that the “best” orbital is not the 1s orbital, but an orbital with an effective nuclear
charge which depends on r, that is,
T et (3.22)
where ¢ r is an effective nuclear charge which, consistent with Eq. (3.21), generally varies with r.

Equation (3.22) is, in fact, an exact form for the 1s-orbital in 2-electron atoms. Unfortunately, it is
quite difficult to find the correct form of ¢ » and if one, for example, tries to use Eq. (3.21) and sets

¢r =2, r ,oneencounters extremely unpleasant integrals (integrals containing exponentials of
exponentials are the worst of them).

1 For an N-electron atom, the effective nuclear charge at the nucleus is still Z, but the effective nuclear charge at long

rangeis Z—-N+1=Q+1. Here Q is the total charge of the molecule (-1 for an anion, zero for a neutral molecule,
+1 for a cation, +2 for a dication, etc.).
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Figure 3.1.

2.

Effective nuclear charge in the Helium atom (in the 1s-orbital approximation). Zeff(r)

is from Eq. (3.21). Zvar(r)=Z —1+¢e*" (r+1 is computed from the “shielded”
wave function considered in Eq. (3.23).

It is not too painful, however, to perform the analysis if we choose ( » = (, where ( is just
a constant throughout space. Then, we have an approximate wave function of
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and we choose (¢ using the variational principle. That is, we minimize the energy,
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with respect to ¢ . The second term in Eq. (3.24) can be evaluated as
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The first term in Eq. (3.24) is identical to the energy of the 2-electron atom with atomic number ¢ in
the perturbation theory (or unscreened orbital) approximation (cf. Section I1B), so
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To find the minimum with respect to ¢, we solve
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For Helium this gives
¢ ~ 1.6875
(3.29)

E ~ —2.848 Hartree

It is instructive to consider what happens if we bite the bullet and allow the effective nuclear
charge in Eqg. (3.22) to vary with r. If we do this, and choose ¢ r to minimize the energy, we find
that the energy is

E,. = —2.862 Hartree . (3.30)

This is sometimes called the Hartree-Fock energy. Allowing the effective nuclear charge to depend
on r and choose the effective nuclear charge that minimizes the energy,
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is equivalent to searching over every possible functional form for the 1s orbital since any nodeless
orbital can be expressed using a form with effective nuclear charges.? The usual statement of the
Hartree-Fock method is that one searches over all possible orbitals for those that minimize the energy,

Aononl|aonon)
= min
or (pnonlonon)

The reason this works well, however, is because the Hartree-Fock method makes direct contact with
the concept of an effective nuclear charge. Thus, in the Hartree-Fock method each electron moves in
the average potential due to the nucleus and the other electron; this is why the Hartree-Fock method
is often called the “mean [electric] field” approximation.

E
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(3.32)

D. Electron Correlation

The Hartree-Fock energy is still not very good. Compared to the exact energy,  (-2.9037
Hartree), Eq. (3.30) is in error by 26 a (110 kL). These errors are similar to the strength of a

mol

chemical bond, and so further refinements are necessary.

But if we have chosen the best possible choice of the 1s orbitals, why is our energy so poor.
The reason is that we have assumed that the electrons are uncorrelated: note that the wave function
in Eq. (3.17) gives

2 2 2
@ o | =l n | . | (3.33)
That is, the probability of observing one electron at =, and one electron =, simultaneously is just the
product of the probabilities of observing an electron at = and an electron at =, independently. This

does not agree with our intuition: because of the electron-electron repulsion term in the Hamiltonian
for the two-electron atom (Eq. (3.2)), we expect that if the electron is at =, the probability of
observing another electron near r, is small. That is, we expect that the motions of the electrons are
“correlated” so that they are rarely close together. Equation (3.33) is inconsistent with this
observation.

One of the consequences of electron correlation is that the exact wave function depends on

the distance between the electrons. To see this, write the Schrédinger equation for the many-electron
atom in the form

— |V n,n,...,7 (3.34)

Note that the operators on the left-hand side of the equatlon do not “couple” the electrons. However,
the electron-electron repulsion potential on the right-hand-side of the equation couples the electrons.

The exact wave functions must incorporate a dependence on the interelectron distances \7;. — rj‘ . (The

right-hand side of Eq. (3.34) has a dependence on the interelectron distances, so Eq. (3.34) cannot be
satisfied unless the left-hand side of Eq. (3.34) depends on the distance between electrons. However,
the left-hand side of Eq. (3.34) will not have any terms depending on the interelectronic distances
unless the wave function depends on the distance between the electrons. Consequently, it must be
true that the exact wave function (which satifies the Schrodinger equation, and thus also its trivial

rearrangement Eq. (3.34)) contains a dependence on the interelectron distances, ‘1;. — 'rj‘ )

Hylleraas realized this and introduced wave functions for the Helium atom that depend
explicitly on the interelectronic coordinate. His original functions looked like

2 Just take g(r):ln((qs(r))%). Then exp(—rf;(r))=ex|0(—r|n(r ¢(r)))=¢(f)-
8
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but nowadays people tend to favor forms more similar to
i} T, X e—( 1+ +hlr =) , (336)

that is, putting the correlation term in the exponential. Truthfully, very few calculations of this type
have been carried out for systems with more than a few electrons because the integrals required
quickly become intractable. (The statistical techniques underlying so-called “variational Monte-
Carlo” calculations are an exception.)

Choosing ¢, b, and c, in Eq. (3.35) to minimize the energy, we obtain a reasonable answer (

E = —2.9024 Hartree, which is an error slightly less than a ki

mol /°*

Our results for the Helium atom are summarized in Table 3.1.

Table 3.1. Energies of the Helium atom in various approximate treatments.

Wave Function/Computational Method Energy (Hartree)
neglect of V_, Eq. (3.3) -4.000
First order perturbation theory with V., Eq. (3.6) -2.75
Constant Effective Nuclear Charge, ¢ . Eq. (3.23) -2.848
Hartree Fock, position-dependent effective nuclear charge. Eq. (3.22) -2.862
Hylleraas (includes electron correlation). Eg. (3.35) -2.9024
Exact -2.9037

ITI. Spin

A. Spin Angular Momentum

In constructing eigenfunctions for atoms with more than two electrons we encounter a
dilemma that we ignored when considering the Helium atom. Electrons have spin. That is, it is not
enough to specify where an electron is in a molecule, we must also specify its spin.

It should be emphasized that electrons do not really spin. Rather, electron spin is a relativistic
effect, and follows naturally from Dirac’s relativistic extension of the Schrodinger equation. Just
because spin arises naturally in relativistic treatments of the electron does not mean that slow electrons
do not have spin: every electron has spin; electron spin is an intrinsic property of the electron.
Electron spin is measurable: the electron spin is measured in electron-spin resonance spectroscopies
(ESR, EPR, ...). Infact, the spin of an electron is the same type of phenomenon as the spin of a proton
(or other nucleus) that is measured in nuclear-magnetic-resonance experiments.

If an electron is not really spinning, then why do we speak of an “electron spin”. The reason
is historical, a spinning charged particle has a magnetic moment, and it was observed in the early days
of quantum mechanics that if one assumed that the electrons had spin you could explain certain
effects, notably the “anomalous” Zeeman splitting of spectral lines in magnetic fields. The most
explicit experimental measurement, however, is from the Stern-Gerlach experiment, wherein a stream
of electrons (as from the beta decay of a proton-deficient radioactive nucleus) is placed in a magnetic
field. One sees that the electron beam splits into two parts. See Figure 3.2.
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Figure 3.2. The Stern-Gerlach experiment. When a beam of electrons is passed through an
inhomogeneous magnetic field, the beam is separated according to whether the spin-
angular momenta of the electrons is pointed into or away from the magnetic field.

This is a weird result. Recall the earlier treatment of angular momentum in the rigid rotor.
We have

Y™ 0,6 =11+1RY" 6,¢ (3.37)
and
LY"™ 0,6 =mhY" 0,6 (3.38)
with
m=—l,—l+1,...,1—1]1 (3.39)
Also recall that
[f;x,ﬁ] = [ﬁy,ﬁ] = [Ijz,ﬁ] = (3.40)
but
[Ez,iy] = ihL,
L, L. =ihL, (3.41)
[ﬁz,ﬁz] = ihL,

That is, we can measure the total magnitude of the orbital angular momentum and any ONE of its
components component ((L, ), (LU> or (L,)). The orbital angular momentum about the X, y, or z axis

(whichever we choose) will take one of the values, m = —I,—I +1,...,l —1,1. The picture is the
orbital angular momentum is a vector with magnitude ./l [ +1 , but in measuring the projection of

this angular momentum along one axis we force the angular momentum to assume some discrete
value, m = —I,—1 +1,...,1 — 1,1, consequently “scrambling” its components in other directions. It
is spooky quantum mechanical stuff.

Now, we said that when we measured the spin-angular momentum of the electron we observed
two spots. Referring to the rule, Eq. (3.39), since there are only two spots if [ =4. To avoid

10



confusion, however, for the spin we refer to this as the total spin, and say that the electron has ‘“‘half-
integral” spin, S = $+ /. We specify the orbital angular momentum about the z-axis with m, and the

spin-angular momentum about the same axis with m_. Now, if we assumed that the spin-angular
momentum acts like a true angular momentum we should have, corresponding to Egs. (3.37) to (3.39)

Y =hS S 41 Y™ (3.42)
SY™ =hmY" (3.43)
m, =—-8,—-8+1,....,8 —1,8 (3.44)

For a one-electron system, S = and m,Z = +4. Corresponding to the commutation relations for
the orbital angular momentum, we have

A

5.8 =18,,8°|=15.,8°| = 0 (3.45)
and
5,.8.| = ihs, (3.46)

We have elected to use the above notation because it is reminiscent of the spherical harmonics, but it
must be emphasized that the spin of an electron does not depend on its position in space. Thus, Y™

is just a fancy notation for saying “the eigenfunction of $> and S. with quantum numbers m_ and S,
respectively. It means nothing more.

11



Figure 3.3.

A pictorial representation of why [Ll,[?y] = 0, and thus one cannot simultaneously

measure orbital angular momenta in the z and y directions. When one measures an
atom’s orbital angular momentum about the z axis, direction, LV T =m, k¥ T ,

one finds that the atom’s angular momentum vector is precessing (rotating) about the
z-axis. The atom’s angular momentum vector, L, is not perfectly aligned with the z-
axis: because U 7+ =k’ 1+1 ¥ 7 , the magnitude of the orbital angular
momentum is always greater than its projection along any axis. (Mathematically,
\L| = VL -L = hiJ5* >m,.) Thus, knowing I* and L_only restricts the orbital
angular momentum to the “cone” of values shown here, and the projection of the
angular momentum along the y axis is undefined. Thus, if one measures the angular
momentum along the y axis, one will observe all possible values, one of which is
shown here. After measuring the angular momentum about the y axis, the orbital
angular momentum vector is precessing about the y-axis, and is confined to a cone
about this axis. Thus, measuring m, caused the value of m,_to become undefined.
Since we can’t measure both the y and the z components of the orbital angular
momentum at the same time, Ey and L. do not commute.

12



Figure 3.4. A “double” Stern-Gerlach experiment. When a beam of atoms is passed through an
inhomogeneous magnetic field, the atoms are separated according to the component
of their orbital angular momentum, m;,, in the direction of the field. Here, the first

magnet measures the angular momentum in the z direction, and forces each atom to
“declare” itself as one of the eigenstates of L . But the second magnetic field
measures the orbital angular momentum in the y direction, forcing the atom to declare
itself as an eigenstate of ﬁy :

The interpretation of the commutation relations is similar to that for the angular momenta. In
figure 2.5 we pass an electron beam through a Stern-Gerlach apparatus whose field is oriented in the

z-direction and, by so doing, measure <5’z> Now, let’s try to be clever, and measure <,§x> for the
electrons with m_ = 4. To do this, we can just put another Stern-Gerlach apparatus with the field in
the y-direction. We get two beams. But now, let’s suppose we want to measure <5’Z> again. We
observe two spots—even though all the electrons had m_, = 1 before we fed them into the second
Stern-Gerlach apparatus. That is, in measuring <Sy> we “scrambled up” the eigenstates of <S> 3

Spooky quantum mechanics. (But not that spooky. If we had oriented the second Stern-Gerlach
apparatus so that the field is in the z-direction (the same direction as the first experiment), no further
splitting would occur.?)

3 This is a consequence of the fact §y and §Z do not commute.

4 This result follows from the fact that any operator—in this case, §Z —commutes with itself.
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This “spooky” behavior is directly analogous to the behavior we observe for orbital angular
momenta of atoms, which is why we choose to think in terms of a “spin-angular momentum” even
though we know the electron is not really spinning. That is, since the electron spin acts like an angular
momentum, we pretend it is an angular momentum.

The magnetic moment due to an orbiting electron is simply®

w, ==L, (3.47)

The relationship for the spin, by contrast, is
By =9 558 (3.48)
where ¢, the anomalous spin-factor (nowadays more frequently referred to as the Landé g factor), is
g =2 1.00115965219 (3.49)

which is, for our purposes, simply 2. Dirac’s equation not only predicted the existence of the spin,
but predicted that ¢ = 2. Unfortunately, Dirac’s theory also predicted that ¢ = 2 for a proton (any

NMR guru knows that g, ~ 5.6) and g = 0 for neutron (but g, =~ —3.8). The electron’s g

factor is slightly greater than 2 for precisely the same reason the proton’s is much greater than 2 and
the neutron’s is substantially less than zero; the corrections arise from quantum field theory and won’t
be treated any further in this course.

Based on the form of Egs. (3.47) and (3.48), one often introduces the so-called Bohr

magneton, 3, = , in terms of which

2m c

e

w,=—+1L (3.50)
n A~ —22%8 (3.51)

5 Some authors choose a different sign convention. The key is the interaction with a magnetic field, which gives a
contribution to the Hamiltonian of —p.- B in the present convention but would give p-B with the alternative choice.
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Figure 3.5. A “triple” Stern-Gerlach experiment. When a beam of electrons is passed through an
inhomogeneous magnetic field, the electrons are separated according to the component
of their spin angular momentum in the direction of the field. Here, the first magnet
measures the angular momentum in the z direction, and forces each atom to “declare”

itself as one of the eigenstates of S But the second magnetic field measures the
orbital angular momentum in the y direction, forcing the atom to declare itself as an
eigenstate of S‘y This “scrambles” the angular momentum about the z-axis, and so
when we pass the electron beam through another Stern-Gerlach magnet aligned with
the z-axis, we observe both eigenstates of S_ .

B. The Pauli-Exclusion Principle
No feature of the electron spin is more important to chemistry than the Pauli-exclusion
principle. To introduce the Pauli exclusion principle, let us consider the many-electron Hamiltonian
for an arbitrary system,
N 2

Z_

i=1 J=i+1

N
—vr + Yy 1 .7,y =BV rom T, . (3.52)

n -

Here v r , called the “external potential” is just the potential felt by electrons due to “non-
electrons”—e.g., nuclei. (Referring back to Eq. (3.1) we see that, for an atom, v » = —£.) Now,

let’s use what we learned in the previous section and specify the spin of the electrons. Since the spin
of the electrons does not depend on their position, we typically write the spin of electronias o i ,

15



which serves to emphasis the fact that the spin of the electron does not depend on .. Then, we can
rewrite EqQ. (3.52) as

N v_
Z———vr-i-z U r,01;n,02;.;r,0 N

i=1 2 j= z+1‘7‘ ’I“]‘ (353)

=EV r,01;:nr,02;. ;1,0 N

Often it is convenient to denote the spatial and spin coordinates of an electron together, e.g.,
x. = r,0, . Sometimes | do this, but for right now we should write the dependence of the wave

i R

function on the electron spin explicitly.
Let’ssuppose ¥ 7,0 1 ;7,0 2 ;...;m,,0 N isaneigenfunction of the Hamiltonian in Eq.

(3.52); that is, ¥ 7,0 1 ;7,0 2 ;...;7,,0 N solves the Schrédinger equation. We want to

construct another solution of the Schrédinger equation, so we write

® r,ol;iro?2;.;7y,0 N =V 1r,02;r0l;n03;r,04..r,0N (3.54)
That is, since electrons are indistinguishable particles, we expect that relabeling the electrons in this
fashion doesn’t change the wave function in any meaningful way, for all we have done is to “count”
the electrons in a different order. In particular, since electrons are indistinguishable particles,
relabeling the electrons cannot change any property of the system. For example, the probability of
observing an electron with a given spin at a given point in space, |¥|* = ¥ ¥ cannot change. Ergo®

o = el
= [f
kU kU =|0f (3.55)
ren O =9
kP =1
k==l

If we substitute this result into Eq (3.53), we obtain

N v
3 —7&—1; r + Z ,ol;in,02;.5r,0 N
i=1 j= z+1 7"
N v_
=>|- ; —~Y—vr + Z ‘r r‘ k -V r,02;r0l;n03;.;r,0N (3.56)
i=1 J=it+l -

=k BV n,02;1n,01;n03; o N

N7
Thatis, k- V¥ 7,0 2 ;1,0 1 ;1,0 3 ;1,0 4 ...;7,,0 N isaneigenfunction of the Hamiltonian

with the same energy as the original wave function (before we exchanged the positions and spins and
electrons one and two). This is true because the Hamiltonian is symmetric with respect to exchange
of electronic position (and, if we had chosen a spm dependent Hamiltonian, it would also be

symmetric with respect to spin). More explicitly, Hr Ty = H 7,7,...,7y andso

& The analysis in Eq. (3.55) is also consistent with choosing « = +i, where i = J=1. However, this solution does not
seem to possess any physical importance.
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A

Hrnr,...,ry, ¥Yr1,02;rn0l;ro3;.;rnoN

=H n,n,.,7y, ¥YVmnr,02;n0l;:rno3d;.;r,oN

. (3.57)
:H q17q27"'7qN \Ij qlJO— 2 ;q270- 1 ;q370- 3 ;"';qj\f70_ N

=LV q,,0 2 ;q,,0 1;q;,0 3;...;qy,0 N
In the third line, we perform a change of coordinates (with g, = 7, and g, = r,) to regain the original

form of the Schrddinger equation. Note that if ~ was not a constant but instead depended on the
positions and spins of the electrons, Eq. (3.56) would not hold.

What have we learned? Given an eigenfunction of a Hamiltonian, when we exchange the
spatial and spin-coordinates of two electrons, we still have an eigenfunction. Similarly, if we
exchange the spatial and spin coordinates of two electrons and multiply the eigenfunction by -1, we
also have an eigenfunction. So which is it?

The answer to this question can be regarded as a mystery of modern physics (though one can
“derive” the result, trying to explain it in elementary and intuitive language seems impossible). The
gist of the matter is that if a particle has half-integral spin (e.g., an electron), then x = —1: when we
exchange the positions and spins of two electrons, we change the sign of the wave function. Thus,
for electrons,

v rolino?2;.;ry,0o N ==1-Vnr,02;nr0l;n03;r,04..;r,0 N . (3.58)

This has far-reaching consequences for chemistry. For example, suppose that electrons one
and two are at the same position and have the same spin, thatis, o 2 = o 1 . Then, from Eq. (3.58)

vYnrolnol;.;rp,o N =-1-Vrol;nol;nod;r,ocd.;r,oN . (359

However if & = —U, then

U rol;rnol;.;r,oN =0. (3.60)
Taking the complex square of Eq. (3.60), we have

‘\I/ rn,o 1l ;rn,01;.;r,0 N ‘=0 (3.61)

The probability of observing two electrons with the same spin at the same place is zero. More
colloquially, two electrons with the same spin can never be at the same place at the same time.
What does the Pauli exclusion principle have to say about the probability of observing two
electrons with different spin at the same place at the same time? Nothing at all. However, the
presence of the electron-electron repulsion operator in the electronic Hamiltonian means that it is
unfavorable for electrons to be close together. However, even though the i operator becomes

infinite as |r1 — rQ| — 0, there is some (albeit small) probability of observing two electrons with

different spins at the same point in space. This counter-intuitive effect is due, essentially, to the
uncertainty principle: justas one can never say exactly where an electron is, one can never say exactly
where an electron is not. Recall the form of the 1s-orbital in Hydrogen. The probability of observing
an electron at the nucleus is not infinite (though it is large): just because it is “infinitely favorable”
for the electron to be at the nucleus (—4 — —co as r» — 0) does not mean there is an infinite
probability of the electron being at the nucleus. The non-infinite electron density at the nucleus and
the non-zero electron density when two same-spin electrons are at the same place are manifestations
of the same effect. (This is an essential consequence of the form of the kinetic energy operator and

the fact L= = 0.)

2m

Particles with half-integral spin have antisymmetric wave functions (x = —1) and are called
fermions. Particles with integer spin have symmetric wave functions (x = 1) and are called bosons.
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Protons, electrons, and neutrons are fermions. Photons are bosons. Though two fermions with the
same spin can never be at the same place, bosons with the same spin have an enhanced probability of
being at the same place at the same time. That is, while no two fermions can be in the same state,
bosons have an enhanced probability of being in the same state. This, for instance, is behind the
phenomenon of stimulated emission: a laser beam is nothing more than a lot of photons in the same
state. Many interesting physical phenomena happen when a “composite” particle has integer spin.
For instance, the ;He atom has integer spin, and so liquid Helium becomes superfluid at low

temperatures, giving rise to a number of weird effects (e.g., one can stir a superfluid without
encountering any resistance.) Superconductivity is a similar effect, in which two electrons “pair”,
forming a “Cooper pair”’, a composite particle with integer spin. The Cooper pair acts like a boson,
allowing many Cooper pairs to be in the exact same state and allowing electricity to be conducted
without resistance.

Since an electron can have m,Z = +1, we typically denote the spin-quantum number of an

electronwith 0 i =a i when m, =% and o i =3 i when m, = 1.7

7 Different authors choose different conventions here. This choice is most standard, but it doesn’t matter how one

chooses to define « (i) and £(i) as long as one is consistent.
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of electrons moving in the absence of any nuclei (or any potential at all, and is a primitive model for

the electronic structure of metals.
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C. The Lithium Atom and the Slater Determinant

For many-electron atoms, the ideas are similar to those for Helium. At first one ignores the
electron-electron repulsion; this gives a separable Hamiltonian whose eigenfunctions are simple
products of the hydrogenic functions. Then, one modifies these orbitals to account for electron-
electron repulsion (nuclear shielding, electron correlation, etc.) using increasingly sophisticated tools.
One obtains orbitals that vaguely resemble the Hydrogenic functions (insofar as their symmetry and
nodal structure is concerned). Then, one forms a wave function from these orbitals that satisfies the
Pauli exclusion principle that is, one forms a wave function that is properly antisymmetric.

As a concrete example, consider the Lithium atom. We might write the approximate ground
state wave function

\IILi, T, 75,73 =, n al 7vZ}ls 7 B2 Py, L (3.62)
but this function is not antisymmetric. We can make this function antisymmetric by writing
f(ﬂls lrl @ 1 wls "12 /6 2 w?s TB @ 3

-, a2y, Bly, nal
—h, a3 B2 nal
—t,malygy o B3¢, n a2
+p, a2y, B3Y, 1 al

+wls7?5a3wlsrlﬁlw2(sr2a2
Equation (3.63) just includes all the possible ways of arranging the electrons in the orbitals from Eq.
(3.62), with each term multiplied by the factor of —1 or 1 = —1 * implied by the Pauli principle.

Note what happens if we allow the third electron to go into a 1s-orbital (as opposed to a 2s-orbital).
Then

v, n,ol;n,o2;n,03

5

(3.63)

v, nmnmr =0 (3.64)
That is, the Pauli exclusion principle requires that no more than two electrons can ever occupy any
given orbital. Stated differently, no two electrons can have the same values for all four quantum
numbers, n,l,m,m, .

Writing antisymmetric wave functions like Eq. (3.63) is already quite tedious, and it gets
exceedingly tedious as the number of electrons increases. (For Neon, there are actually
10! = 3,628,800 terms in the wave function.) Needless to say, writing out such wave functions

becomes impossible. As a shorthand, we write wave functions as a Slater determinant,

djl n o 1 ¢1 T 0, 2 wl Ty 0y N
v, r oo, 1 o oo, 2 - 1, o, N
® r,01l;.51r,0 N EL ’ 1’ i i 2, ’ . ’ N, i (3.65)
N
Yy 1oy 1 Yy ooy 2 o thymy ooy N

where ¢, r denote the spatial orbitals and the o, j denote the spin-states of the electrons.
The interpretation of a Slater determinant is that the spatial orbital ), = , which holds an
electron with spin o, could contain electron one, or electron two, or electron three, ... or electron N.
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Similarly, the spatial orbital v, r , which contains an electron with spin o, , could contain electron

one, or electron two, or electron three, ... or electron N. And so on. On the other hand, if we read
the columns of Eq. (3.65), we see that electron one could have spin o, and be in the orbital ¢, » , or

it could have spin o, and be in the orbital ), = , or it could have spin o, and be in the orbital v,

, ..., or it could have spin o, and be in the orbital «, = . Similarly, electron two could have spin
o, and be in the orbital ¢, = , or it could have spin o, and be in the orbital v, = , or it could have
spin o, and be in the orbital ¢, = , ..., or it could have spin o, and be in the orbital ), = . And

S0 on.
As an explicit example, we can rewrite the wave function for the Lithium atom in Eg. (3.63)
using a Slater determinant. We have:

/(?blsrla]‘ wls’r%aQ wlsr?&ag
wls Tl ﬁ ]‘ llbls 7‘2 6 2 1/}13 TS /8 3 (366)

Uy nal a2 on a3
When the orbitals inan N x N Slater determinant are orthogonal and normalized, the normalization
constant is —=. Otherwise the Slater determinant must be explicitly normalized.

There are several key results about Slater determinants. First of all, the determinant of the
transpose of a matrix equals the determinant of a matrix,
|D|=|D"|. (3.67)
Indeed, the notation for Slater determinants listed in Eq. (3.65) is not the conventional notation; it is
more conventional to use the transposed form,

€
J6

® n,ol;im,02 ;1,03 =

horoo 1l P, noo, 1 e Py ooy 1
o1, o 2 oo, 2 - p,m oo, 2
® r,ol;.51r,0 N EL 1 2, 1 i 2, i ) " 2. " (3.68)
NIA
Y1y o, N Y, ry o, N - ¢y 1y oy N

Because of Eq. (3.67), both forms are acceptable.
Second, if two columns (or rows) in a matrix are equal, then the determinant of that matrix is
0. For example, in Eq. (3.65),if o, » =, » and o, 1 =0, 1, the firstand second rows of the

matrix are equal and so the determinant is zero. This is consistent with the Pauli-exclusion principle:
we cannot put two electrons with the same spin in the same orbital. Similarly, if the first and second
columns in Eq. (3.68) are equal, this implies that the spatial and spin coordinates for electrons 1 and
2 are the same. Again, the determinant must be zero, which is consistent with the Pauli-exclusion
principle.

Finally, if we exchange two rows or two columns in a matrix, its determinant is multiplied by
—1. This is consistent with the requirement that the wave function be antisymmetric with respect to
the exchange of the coordinates of the electrons (exchanging to columns in Eqg. (3.65)). In addition,
from Eq. (3.65) we see that changing the way electrons are assigned to orbitals (as by swapping two
rows of the matrix) also changes the sign of the wave function.

Partly because Slater determinants take up a lot of space on the page but mostly because
guantum chemists are lazy, we often use the following shorthand for Slater determinants

¢ =ho, o, - Pyoyl. (3.69)
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For instance, the Slater determinant for the Lithium atom (Eq. (3.66)) could be written as
®=la B o, (3.70)

which conveys all the essential information required to fill in Slater determinant.

IV. Labeling Atomic States

A. Good Quantum Numbers
You should recall from the first semester of this course that whenever two operators commute:
[,21, B} = AB-BA=0, (3.71)
the operators can be chosen to have simultaneous eigenfunctions. That is, the eigenfunctions of A

can be chosen in such a way that they are also eigenfunctions of B .
Applying this theorem to the atomic Hamiltonian, Eg. (3.1), we have that

AL =|AL)| = [iL] = [0, =8 =8, =|#8 | =88] =0. @72
We defined all these operators for a single electron in Il1A, and for a many-electron system we need
merely sum over the one-electron operators:

A~ N A
S 12...N =38 i (3.73)
i=1

A~ N ~ N ~
$12..N=>8i-38;

N, . .
=Y ST +S i +8T (3.74)
i=1
NN, . A A A
—I—ZlZSJ i8S, +S, i8S, j+S 0S8, j
i=1 j=i
A ‘]V A
L rn,mn,..ry =Y L n (3.75)

N 4 N
= Lr +L r +L r (3.76)

~ ~

N A A A A
i=1 j=i

Equations (3.74) and (3.76) are not convenient formulae for the $° and I operators,
respectively. It is far more convenient to use the various forms that are derived from the ladder
operators,

M, =M, +iM,
. ) e (3.77)
M_ =M, —iM,
Here we have adopted the general notation, A = L, S, to emphasize that the following treatment is
valid for both orbital angular momentum and spin-angular momentum. One has

MY"=hJll+1 —m m+1Y"" (3.78)
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and

MY"=hJl1+1 —m m—1Y"" (3.79)
and so
M:L‘)/;Wl :% M+ +M7 Y’/n
(3.80)
=L LI+l —mm+1Y"" + I+l —m m—-1Y""
and
MY" =3 M, -M_ Y"
(3.81)

=4 \/Z I+1 —m m+1Y1m“—\/l I+1 —m m—-1Y""

Equations (3.80) and (3.81) allow one to compute expectation values for $* and I* using
Eqgs. (3.74) and (3.76), respectively. Yet another method follows directly from the definition of the
Ladder operators, namely,

M M_= M?*— M +hM, (3.82)
M M, =M — M —hM. (3.83)

and so
M=+ MM +MM, +M (3.84)

Using any of equations (3.82)-(3.84), along with the operative definition of the ladder operators (Egs.

(3.78) and (3.79)) will allow one to operate with S> and I? efficiently. It is important to note that,
for many electrons, Eqgs. (3.82) still holds, with

N N .
M, 1,2,,..N ="M, i (3.85)
i=1
~ N ~
M 1,2..N => M i (3.86)
i=1
and
R N N
M? 1,2,...N EZMz z’ZMz j . (3.87)
i=1 j=1

It remains for us to demonstrate that 2, S*, L. and S, actually do commute with the atomic

Hamiltonian. For the spin operators, 5> and S’z , this is easy: since the atomic Hamiltonian, Eq. (3.1)
, does not depend on spin, operating on the Hamiltonian with the spin operators has no effect, and so
the Hamiltonian and the spin operators commute,

7,8°| =[f,8,|=m,5,|=[f8]=0 (3.88)
Equation (3.88) is true not only for atoms, but also for molecules and, more generally, any system for

which the Hamiltonian does not depend on spin. When one deals with relativistic effects, the spin-
orbit coupling term introduces spin dependence into the Hamiltonian and Eq. (3.88) is no longer valid.

To demonstrate that L, and I} commute with the atomic Hamiltonian, we rewrite the
Hamiltonian in Eq. (3.1) as a sum of its one-electron and two-electron parts,

vlwvroz a1 U VA4 R A |

-t =4 _ = | = — =4 -

; 2 7 ,;1\7;—73\] ; 2 r] ;;;\n—rj\ (3.89)
:ﬁlcl._'_‘}cﬁ
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Because
[A,B + C] — [21 B] n [A C] (3.90)
L

if we can show that [I?,EIM] = [ﬁz,ne] [ 1(,,] ] — 0, then we will have demonstrated

that . and I? commute with the atomic Hamiltonian. To this end, we rewrite the one-electron
portion of the Hamiltonian as

N 2
H :E_E_Z
lel —
i=1 2 T
N ) 2
— -1 9 a Ti Z
=) Furnamtor—f (3.91)
2, :
N ) ﬁ
— -1 9 .20
—Z 2o o T

Now, the angular momentum about any given axis of a spherlcally symmetric orbit (that is, any orbit
that depends only on r) is necessarily zero—such functions have no angular momentum at all. This
follows directly from the form of the angular momentum operators in spherical coordinates, namely,

IA/I =ih sin¢p & + cot 0 cos ¢ & (3.92)
ﬁy = —ih cos¢p £ —cot 6 sin ¢ % (3.93)
L =—ih, (3.94)

That is, since none of the components of the angular momentum operator depend on r, each
component of the angular momentum operator commutes with any function that depends only on r.

For this reason, we can write
N

’ Soagpra_zg
Lx Irn [ 2r? O T‘L Jr; T

i=1

72
-1 .9 .20 _ 2 L
] [ELT nron i o ,;+2r3]

=2 A -4 k.
:Zgﬁrz o — % ](>D 6) égr nW_—) <>L QBQ/
o (3.95)

:Zgﬁﬂ——% LOD <> éwﬁ———) Q)Léﬁo

1Z=n

:Zé _Z+L<>) B} 67%07 __) €>L(D¢Z)

1#=n

[ €sre-t+ 50N O

In the first line we use the fact that L, = only operates on the coordinates of electron n. Then we

use the fact that LAz r,and any spherically symmetric operator commute (A spherically symmetric
operator is a function of r, alone; it has no dependence on 6 and/or ¢, .) Finally we use the fact

that [LAz,LAQ] = 0. The derivation in (3.95) is easily extended to the other components of the orbital
angular momentum, and it then follows from the identity in Eq. (3.90) that
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ESNAEE S vAREES ol S ATIES o B 399)
Using the identity Z 7, Z
[A,Bé] = [A, B]é n B[A,é] (3.97)
we have that
\H,,, L] =|H,,,LL|=|H,,,L|L +L|H,L|=0-L+L 0=0. (3.98)
Similarly,
L] =B, 22 =0 (3.99)

and so, using identity (3.90) again, we have

o D)=, B+ B+ D =[H, |+ [0, B+ [8,,, 2] =0 (3.100)
We now turn our attention to the electron-electron repulsion term. For convenience, we single
out a single term and examine

A 1

L rn——¢mrmr, (3.101)
| ‘1; - 7}"

where ¢ 7, isan arbitrary function. To evaluate this, it is most useful to use the real form of the

angular momentum operator,

A

— _ : J J J J J J
L=rxp=—ih Ys:— 235, 23— Tw, Ty — Yo (3.102)
and so
L 1 = —4h 1y L — z 2 L
T 7‘1 w THTJ =1 y7 0z zi Oy, 2 2 2 w 7‘1',?71]'
‘Tz —7']‘ \/Ir*x./ Tyt 2z

9 9
— 1 o o
_[J][ m[‘y" o, w]]w Tio

. - (3.103)
—|—¢ T, Tj [Zh [I% \/zfxv/ 2, — 2, Zi—z 2 Z; \/z,q«,j 2, (71/‘/ } sz, b]]

= sz —yiz‘j> 3 .
(ST e e | I

Now, exchanging variables, we obtain, by the same argument,

L€y

717:_”“]"

- Yiz; — Y%
LT, Irj Y = Zh . . 3 w 7; r
‘fr- _l’n‘ 2 2 2
- R e (3.104)
Y R —
T i 7‘7_‘1 . 'f'/‘

Adding Egs. (3.103) and (3.104), we see that
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i \TL,W’"T +1, Ty - T\l/’ =il Y ++ , T, Y T,T

. . (3.105)
Lon+lo ﬁW mor =0
Again, using Eqg. (3.90), we have
[‘rlr‘7 r] ‘r 'r" ZL r :lr r‘ ZL 'r' [ﬁ’ﬁqf 1"7 +‘ET ’r'j :O. (3.106)
n=i,j J
Ifnis notequal to i or j, [‘ ‘,L T, }:O because I, =, does not operate on electrons i or j. With

one more application of (3.90) and this result, along with Eq. (3.105) we find that
L.V.]=0. (3.107)

An alternative derivation of this result is given at the end of this chapter.
The equations

L,V.|=0 (3.108)
and
L.V, |=0 (3.109)
are derived in much the same manner; the derivation of
V. |=0 (3.110)
mirrors Eq. (3.100). Because
Lo H|=|L,H,, +V.|=|L,H, | +|L,V.]=0 (3.111)

(and similar arguments for ﬁy, LZ, and I?), the validity of Egs. (3.72) is established.

Before proceeding to a discussion of the implications of these commutation relations, we
should discuss the importance of Eq. (3.104). Equation (3.104) implies that

[Lﬁ, r ,Vm]zo (3.112)
and, thus

[L) r ,151]7:0 (3.113)
and

|27 JH|=0. (3.114)

While the total orbital angular momentum commutes with the Hamiltonian, the orbital angular
momentum of a single electron, j, does not commute with the Hamiltonian. Moreover, since

[f/m:ﬁl ell = [ﬁ27ﬁ1 el.] =0, (3.115)

this result is a consequence of the electron-electron repulsion operator. It is important to note, then,
that the orbital angular momentum, [, and the magnetic quantum number, m , of a single electron are
no longer defined in a many-electron atom. This is true even in the ground-state Helium atom, where
a Slater determinantal wave function for the ground state would predict that /, =1, =m, =m, =0

This serves to emphasize the importance of electron correlation, for it is the electron-electron
repulsion term that “torques” the electrons in their orbit, making it impossible to measure the orbital
angular momentum of a single electron in a many-electron atom. In addition, this demonstrates that
not only do Slater determinants give quantitatively poor accuracy for many molecular properties, they
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also give a qualitatively unreasonable description of the system, with the assignment of electrons to
orbitals with well-defined orbital angular momenta being among the worst of the approximations.
Any set of mutually commuting operators can be chosen to have common eigenfunctions. We

have shown that I, 52, and each component of L and § commute with the atomic Hamiltonian.
However, because different components of the orbital angular momentum operator, L, and the spin-

angular momentum operator, S, do not commute with one another (cf. Eqs. (3.41) and (3.46),
respectively), we cannot choose the atomic wave functions to commute with all three components of
the orbital angular momentum and spin-angular momentum, but only one. By convention, we choose

the z-components, . and S. . It follows that

I}[,5% 5 H (3.116)
are a mutually commuting set of observables and so we can choose the eigenfunctions of the
Hamiltonian in so that they are also eigenfunctions of 12, L_, S S.. We thus say that the eigenvalues
of I:Z,LAZ,SA’ 2,5'2 are “good quantum numbers” and use them to label atomic states. The mutual
eigenfunctions of these operators can be denoted W% 'with the eigenvalues

‘EA[\II;,‘S,ML,M,. _ Ei\I,iL-,&ML-Mq (3.117)
DGLsMeM, — g2 1oL 4] phSMuM, (3.118)

(compare Eq. (3.37)),
EZ\IJYZL,S«,MLMS = hM, .\yf’sﬁMzMs (3.119)

(compare Eqg. (3.38)),
GAPLSMLM, _ 2 G Gy phSMLM, (3.120)

(compare Eq. (3.42)), and

)SA'Z\IIZ_L,SJMLJ@ _ hMS . \IIZ.L,S‘,M]_A,]L[‘ (3.121)

(compare Eq. (3.43)). hy/L L 41 isreferred to as the total orbital angular momentum of the atom,
hM, is the total orbital angular momentum about the z-axis (magnetic quantum number),
hyS S +1 is the total spin, and 7/, is the projection of the total spin onto the z-axis. From the
fact —I <m, <1, we have that

~L<M, <L (3.122)
and so a state for which the magnitude of the orbital angular momentum is A,/L L+1 has a

2L +1 -fold degeneracy. Similarly, because —1 < m_ <1 we have that

—-S<M,<S§ (3.123)

and so a state with total spin-angular momentum #,/S S +1 is 25 + 1-fold degenerate.

B. The Total Angular Momentum, J.

For the treatment of magnetic effects, it is important to consider the sum of the orbital and
spin angular momenta,

J=L+8S. (3.124)
For an atom,
H,J,|=|H,L|+|HS,|=0 (3.125)

and
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[HJZ] = [ﬁ,J-J}
=|H,3]- T+ |B,J]
=[H,L,+8] L, +S + L +8, [HL +5]
+ (y and z components) (3.126)

A

“ AL 48] L+8, + L+8, [AL]+]A8)]

+ (y and z components)
=0
J?, I}, §%,and J_, form a mutually commuting set of operators, and so we can choose atomic

states to be eigenfunctions of J2, I?, and S*. One has, from the definition,
jZ\PiL,S,M,‘,MS. — I:z —I—S’Z \ij,S,M,,,AL

r 1,L,S,M; M, & T L,S, My M,
:LZ\I]/, 1M _}_SZ\I;i,7 JARL

(3.127)
=h ML + MS \IfiL’S‘ML’MS
= BM pLSMo,
= LM,V
On the other hand,
[JZ,EZ} = |7 + 8% 428 ﬁ,ﬁz}
— 28 [ L
/ ; (3.128)
=28 |L,L|+|L,L]
=28 ih L, — L,
and similarly

so an eigenstate of L_ and S. will not also be an eigenstate of S2.
The permissible values of the J quantum number can be understood from the expression
Fojg=L+8 -L+5§
N .. (3.130)
= I'+8 +2L-8

It is useful to consider that the classical analogue of this expression is

I[P = L[ +|S" +2|L||S|cos @ (3.131)
which reveals that the value of J will be determined by the degree to which the electrons’ total orbital
angular momentum and total spin-angular momentum are aligned. When L and S are “aligned”,
then J = L+ S andwhen L and S are opposed, then J = |L — S|. So J*¥/*%* lies in the range

R |L—S8| |L—S|+1 ¥/ < JPUIESM < B2 L4 S L4841 [\ (3.132)
which restricts the J quantum number to the range
IL—S|<J<L+S5. (3.133)
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Just as for M, and M,
—J<M,<J. (3.134)

The reason [jQ,EZ] = 0 is largely because the orbital angular momentum and spin-angular

momentum can be aligned to different degrees without changing the value of M, or M,. If we refer
to the figure 3.7, we see even though M, , and L determine the “cone” of permissible orbital angular

momentum vectors, this is insufficient to fully specify L. Thus we do not know where to place the
cone of permissible spin angular momentum vectors (which is determined from A7, and S) and this

would be, in any event, insufficient information to determine S. It follows that the length of the
vector J = L + S is not fully determined by A, M,,S, and L. Referring again to the figure, it is

clear why this is so: even when M, M,,S, and L are specified, the |J| =|L + S| is not because

the points at the top of the cone are different distances from the origin. Thus, one cannot
simultaneously specify M, M,, S, L,and J . If one specifies the total size of the orbital and spin

angular momentum but not their projection on an axis, one can determine many different values of
J (J=L+S,L+S—1,.,L—S5|), each associated with many different values of

M, =JJ—1,...,—J.

ya
M.

X Ms
N y
< : -

[

y

\/

L

v
Figure 3.7.  Pictoral view of the total angular momentum vector, J = L +S. When L and S
are aligned, |J| has its maximum value; when the orbital angular momentum and spin-
angular momentum vectors are opposed, |J| has its minimum value. In addition,
[jz,ﬁz] = (0 and [jZ,SZ] = 0. This is because even if M, and M, are specified, there

are still many different possible values for |J|, which corresponds to the distance
between the open end of the cone of possible spin-angular momenta and the origin.

C. Term Symbols for Atomic States; Russell-Saunders Coupling

For light atoms, we can ignore the spin-orbit interaction, which is the interaction between the
magnetic moment induced by electrons’ orbital angular momenta and magnetic moment due to the
electrons’ spins. A good rule of thumb is that until one enters the second row transition metals (so
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7 < 38), then L-S, or Russell-Saunders, coupling is fine.® That is, even though I* and $* do not
commute with the spin-orbit Hamiltonian, the value of the commutator is small and so we can
successfully assign atomic spectra by assigning to each state a specific value of L and S. Neglecting
spin-orbit effects, then, we can label atomic electronic states in terms of L, S, and J. When we do
this we speak of assigning atomic terms, and call the symbol for each state the “term symbol”. The
standard notation is

BHAL (3.135)

where 25 + 1 is recognized as the multiplicity of the spin state (recall that there are 25 + 1 possible
values for A, namely —S < M, < §), J is the total angular momentum (orbital + spin),and A L
denotes the dependence on the total orbital angular momentum, where

A0 — S "sharp"

Al - P "principle"

A2 —D "diffuse"

A3 —F "fundamental" (3.136)
A4 -G

A5 — H

Table 3.2 lists terms symbols for some important electron configurations.

Table 3.2.

Term Symbols for some important electron configurations.

Primed orbitals are

understood to have different principle guantum numbers from unprimed orbitals.

Terms for Equivalent Electrons
Electron Configuration Terms
s p%d"; £ (filled subshells) 'S
s' °S
pl,ps 2p
p?.pél SP'lD'ls
p3 4s. QD' 2P
dl'dg 2D
d*;d’ ‘F°Py'GL'D; 'S
d*d’ ‘FyYP’HPGLPF2 PD PP
d';d° °D;°H:°G;2 °F ;°D;2 °P ;'I;2 'G ;'F;2 'D ;2 'S
&’ °S;'G;'F;'D;'P;*I;’H;2 *G ,2 *F ;3 °D ;*P;*S

8 In practice, Russell-Saunders coupling is often used for atoms that are far heavier, through the Lanthanides and

beyond. At this point one must be extra careful, Russell-Saunders coupling is usually qualitatively reliable, but it it
is not a rigorously valid approach.
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Terms for Inequivalent Electrons

Electron Configuration Terms

s g 1 35; 'S

Slpl JP’ IP

Sldl JD, lD

P p *D;'D;*P;'P;*S; 'S

pldl SF'lF'3D'1D'3P'1P

d d 'G;'G;°F;'F Dy 'D; PP PSS

You, no doubt, have seen term symbols in other courses and (probably) you know some rather
clever ways to derive the term symbols for a system. What follows is a very intuitive (and rigorous)
approach. As a (difficult) example, I will show how to derive the term symbols for the
15°25°2p°3s°3p°4s°3d’4p°bs' excited state of Manganese. If you can do this, you can do any of
them.

Step 1.Eliminate the closed subshells. Closed subshells do not contribute to the term; they have
L=§5=0.

Ex. 15°25°2p°3s*3p°4s°3d’4p°5s' — 3d°4p°5s'

Step 2. Determine if you have any “inequivalent” electrons: electrons with different values of [ or
n (principle quantum number). If so, deal with each set of equivalent electrons separately, and then
we’ll couple them together at the end.

Ex. The 3d, 4p,and Hs electrons are inequivalent.

Step 3. For each set of equivalent electrons, determine the term symbols.

Construct all the nonzero Slater determinants with electrons in the orbitals in question.
Calculate M, and M, for these states, and make a table of microstates.

Find the largest value of A, in the table, A/g™ .

Find the largest value of A/, in the table, M.

Thereisa > "'A M term. Eliminate one Slater determinant (it does not matter which one

if there are more than one) for each permissible value of A/, and M. That s, eliminate one state

for all values of M, and M, that satisfy the inequality
_M;'lmxﬂ_Mgmx < MS7ML < M;‘naxalem

f. Examining your table of microstates, go back to state c. Do this until no Slater determinants
remain.
Example: 5s' configuration.

® oo op

My/M, 0
1 ¢55a

2
V.0
My™ =1, M™ =0 — 9. Theterm symbol is °S

(3.137)

—1
2

Example: 4p2 configuration.
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M, /M, 2 1 0 -1 —2

1 0 1/)”,1@ ¢1ma ¢ma wlpla w‘pla ¢ma 0
Yo W, B
Yo 9, B v, a Y, 0 (3.138)
0 \wma w”ﬁ‘ Ya Y, B ¢, a Y, B
1/}41716 wm,a 17[}4,. lﬂ 17[}4,;”a
v, 8 Y, o
-1 0 v.8 o8 6.8 w, 8 |u s v.8 0

Now M ™ = M3 =1. Sowehavea °P state.

After eliminating the matrix elements for the °P state, we have

M, /M, 2 1 0 ~1 —2
1 0 — — — 0
- - (3.139)
0 |p,o v, ORI b0 Y, 8
B (N | I A I | AN | B
6,8 4, al
~1 0 - - - 0
The dashes show the elements we removed. Now M7 = 0, M} = 2. We havea 'D state.
Now, eliminating these elements (denoted with a + in Eq. (3.140)) we have
MM, 2 1 0 -1 -2
1 0 - — — 0
- - - (3.140)
0 ol + L
6,0 ¥, 0
-1 0 - - -0

Now M!™ = M}™ = 0. Wehavea 'S state.
The term symbols are *P, 'D, 'S .

Example: 3d* configuration.
Note that the matrices in the previous example are always symmetric. For this reason, we only explicitly consider

the the terms with M, M, > 0, and use symmetry to determine the others.
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M /M, 4 3 2

1 0 1/)3(12 «@ 7»[)3(11 O“ 1/1342 « 1/]3% O“
@Dsdz aQ ¢3d0 B
wzdz & 77D3d1 B
0 Qp:;d,za w:}dzﬁ‘ 7wb3d2 s 1/)3(10 O“
¢3d2 B wﬁ%dl O“
w?,dl B 17D3d1 0“

1
B Pa
U Y
Byo v, f
BB b0
By Yy
U

Now M =1, M;™ = 3,sowehavea *F term. Eliminating the appropriate determinants,

M /M, 4 3 2

1 0 — —

6B 0]

U . [
‘w;zdlﬁ dela‘

[, %a\]

1

(e} wsd,la‘

VB 0l
¢3d2 & djsd,l B ‘
1/)3(12 p ¢3d_1 O“

Now we have M ™ = M =1, so we have a *P term. Eliminating the appropriate determinants

M, /M, 4 3 2

1 0 — —

0 ¢3d206 '@bgdzﬁ‘ [wmzﬁ_wgdla‘] ¢3d26 %d“a‘
‘¢3¢1ﬁ wsdla
(3.143)

1

+

+
¢3dzo‘ ¢3d,lﬁ
¢3dzﬁ 1/}3d,1 O“

0
wgdl « ¢3d,1 Q
(Re 77034_2 aQ
Py Py, p
w?)dl B 7vbzd,l «
Py 0 Py, B
wgdz B ¢3d,2 @ (3.141)
(3 PR ¢3dﬁ B
0
¢3d2 «Q 1/)34,2 aQ
¢3d, B ¢3d,, «
¢3¢2 & 1/]3d72 ﬁ
de,z B w:;d,z Q
(3.142)
Yy Py, B
0
+
+
¢3d,2 « w3d,2 p
1/}3«12 B %d,z o
Vs Uy B

Now M ™ = 0, M]"™ = 4. Wehavea 'G term. Eliminating the appropriate determinants,

33



_ - + T
0 + . + 4+ +
%dﬁ ¢3dla‘ Y, dzﬂ Y, dﬂa‘ %dﬁ ¢3d,za‘
(3.144)
Vs & Uy B ‘
We now have M ™ = 0, M;"* = 2. Thisgivesa 'D term. Eliminating the determinants,
M, / M, 4 3 2 1 0
0 + 4 + n +
Yo, Y0 (3.145)

which leaves us with just a single remaining microstate, which is 'S.
The terms for the 3d” configuration are thus *F, *P, 'G,'D, 'S .

You will note that there are a lot of “patterns” in the table of microstates, Eq. (3.141). These patterns are the
basis for the “fast” ways to find term symbols. I, for one, find the above method more “chemical.”

Step 4:Couple together the nonequivalent terms. This is done by vector addition. Thus, when an
L =2termtoan L =1 term, itis possibletogeta L = 3 term (from M, =2+ 1,and L = 2 term
(from M, =1+1=2+0),andan L =1 term (from M, =14+0=0+1=2—1). One could
figure this out using diagrams like the above, but there is no need since we don’t have to worry about
the Pauli exclusion principle (since the orbitals are inequivalent). The gist is that one obtains states
with

L

coupled — Ll + L27L1 + Lz - 17"'7|L1 _L2|
Scoupled = Sl + 52751 +S2 _]‘7"'7|Sl _SQ|

These rules are similar to the rule for the permissible values of ./, and the detailed argument for Eq.

(3.146) can be derived from an equation similar to Eq. Error! Reference source not found..
Example:

Couple the 3d” (*F,°P,'G,'D,"'S)and 4p* (*P,'D,'S) terms.
SFN:;PHSG,3G,1G;5F,3F,1F,5D,3D,1D
SF’VID—>3H73G,3F,3D,3P

(3.146)
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F~'S = °F

3P ~ 3p_> 51)7 SD,lD, 5P7 3P,1P, 58, 38,18
SP ~ 1D s 3F, S_D, 3P

3P ~ IS — SP

1G ~ 3P — 3H, SG, 3F

1G ~ lD — 1]’ 1[{7 1G,1F, 1D
‘G~ =G

'D ~ 3P — 3R 3D P

1D ~ lD — 1G, lF, 1D, 1})7 IS
'D~'S—"'D

1§ ~ P — 0P
'S~'D—"'D

'§~15 =18

Example: Couple the terms from the i’)c124p2 configuration to those from the 5s' configuration.

Using the terms from the first example (the grouping parentheses are merely to make it easier to see from which

term in the first example these terms are derived)

iy
-
-
p
ip
ip
@
.
.
Do
5
D
g
g
g

‘P~*S— °G,'G, 'G)*G,°G;°F,'F , 'F,’F ,°F , °D,'D, 'D,’D , °D
'D~*S— ‘H’°H,'G*G,'F’F, 'D*D, ‘PP

'S~ %S — 'FF

‘P~°S— °D,'D,'D,’D ,*D, °P,'P , 'P,’P , *P , °5,'S | '9,°S , °S
'D~*S— ‘F°F,'D’D, 'P°P

'S ~*8 — ‘PP

P S — (@ H NG IE D

'D ~*S = °I,°H,°G,"F,"D

'S~ 25— G

‘P ~iS — (F,F XD,°D )PP )

'D ~ S — *G,’F,’D,"P,”S

'S~ %8 — D

‘P ~iS — (@,°P)

'D~ 8 —*D

'S~ 28— %8

Augmenting these terms with the subscripts appropriate to J is easy, and (in obvious shorthand) gives
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6 4 4 2 2
Gﬁu&lil7 Gﬂﬁié ) Ggg,i; Gﬂl ’ ng )
21212°2°2°2 2121272 2121202 222 212
3 3 2 6 4 4 2 2
Fo PS8 =0 By Brags o Fw Ty o
6 4 4 2
DQléil? DLQQL I Dlgll? D;Q 7@&&)
2°2729202 212202 212022 272 232
H ‘H G ‘G
sp ipy o T B ANG T L
F~'D~"S—
2 2 2
(GIT D (I G
2°272°2 272 2020212 272 21202 22
3 1 2 2
Fo§5~78 = @y By
4 2
@Jl,il) Digli )@lili? D&l XDll Y
2°2727272 2121202 2020202 222 212
3 3 2 4 2
PP S — Pa,%%%’ Py I P NP )
2
,il il )@il SL )(9 )
21202 272 272 2
3 1 2 2 2 2
PS5 = (g By M Doy My P)
3 1 2 2
P~'S~7°S— P, P,u)
2272 272
1 3 2 2 2 2 N
GrP~iS— @—— Hyy KGyaip Gy )@ By
1 1 2 2 2 2
G~'D~2S— 1, %H,,, G, D,
272 272 272
1 1 2 2
G~ S~785—="G,.
272
1 3 2 2 2 2
Do P S = gy B M Dsssp Dy Mgy P)
1 1 2 2 2 2 2 2
DNDNS_)GJL7E7D§37 ;17S;
272 212 22 2
1 1 2
D~'S~*—"*D,
272
1 3 2 2
S~"P~"8— PJJL"PQL)
21272 272
1 1 2 2
S~ D~"S—"°D,
272
1 1 2 2
S~ §~75—=75
2

w;;ﬁa ,L/J4p La‘7

If you can do a problem like the preceding, you can do any term symbols at all, guaranteed.

6,68 v, 4,

6,8 w0,

w41171a ¢4Pna"
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¢4 j /6 ¢4 Do B

(3.147)

In the preceding derivation of the term symbols, we used Slater determinants to represent
atomic states. When there is only one Slater determinant with a given value of A/, and M., it is

clear that this Slater determinant must not only be an eigenfunction of A, and A, but be an

eigenfunction of I? and $*: otherwise the state assigned to this Slater determinant would not belong
to the molecular term to which it was assigned. For instance, in Eg. (3.138), we can state without
uncertainty

¢4 P Q w.1 Py Oé‘ Y

that
are



eigenfunctions of 72 and $° with eigenvalues 2h* = L L+1 h* and 2h°= S S+1 A

respectively. Similarly, we are certain that

¥, @ z/J%ﬂ‘ and |4, o« v, gl are eigenfunctions of I’

and S? with eigenvalues 64 = L L+1 h*and 0= S S +1 A* respectively.

However, sometimes there were multiple Slater determinants available for a given value of
M, and M . When this is the case, there is no unique way to pick a single Slater determinant for the
term in question. In this case, none of the listed Slater determinants will be an eigenfunction of I
and S*. However, by taking linear combinations of these Slater determinants one will obtain
eigenfunctions of I? and S°.

Finding the correct linear combinations is a straightforward, if tedious, exercise in matrix
diagonalization. Often one can often determine the Slater determinant for the term of interest by
applying the raising and lowering operators, Egs. (3.78) and (3.79), to a Slater determinant that is
unambiguously associated with the term of interest. Since the raising and lowering operators only
change the value of A, or M,, the result is a linear combination of Slater determinants with the
appropriate values for M,, M, L,S. For example, applying L to the Slater determinant

corresponding to the M, =2, M, =0 microstate of the 'D term of the p° configuration,
Yy, @ Y, 6‘ (cf. Eq. (3.138)), one obtains a representation for the the M, =1, M, = 0 microstate

of the ' D term, namely,
Lfp,a w80 L1+L 2 [p,0 v,4

¢4Poa w‘lplﬁ‘ + ¢4P1a ¢4P06"
Note that this microstate is not associated with a single Slater determinant but, instead, a mixture
between two Slater determinants.

By far the most important thing to remember is that, in general, a Slater determinant will not

be an eigenfunction of I? and S*. That is, Slater determinant wave functions do not necessarily
correspond to the term symbols used to label states in atomic spectra.

(3.148)

X

D. Hund’s Rules for the Most Stable States of a Molecule

Given several terms using the same orbitals, it is important to know their energies. (In the
absence of electromagnetic fields, the various M, and M, states associated with a single term all

have the same energy.) For instance, in our example problem, where "'G%, is predicted to be the lowest

excited state. (But see below: I wouldn’t trust this prediction.) This is determined using Hund’s

rules:

Hund’s Rule #1: The higher the multiplicity of a state, the lower its energy.

Hund’s Rule #2: Among states of equal multiplicity, the one with the highest value of L has the
lowest energy.

Hund’s Rule #3: If spin-orbit effects are considered, then for a given value of S and L, the state
with the lowest value of J is the lowest energy state when the unfilled subshell
is less than half-filled. If the subshell is more than half-filled, then the highest
value of J is most stable.

It must be emphasized that Hund’s rules (especially the third rule) are occasionally violated.

In general, they are reliable for ground states and low-lying excited states, because these states are
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well-described by a single electron configuration. For states that are poorly described by a single

electron configuration, Hund’s rules are unreliable. In section VI.A. we will consider more reliable
revisions to Hund’s rules.

Hund’s rules can’t really be derived, but they can be rationalized.

1. Rationalization of Hund’s rule #1; Maximum Multiplicity

Let us consider 1s'2p' configuration of Helium. Making the table of microstates, we have
Mg /M, 1 0 ~1

1 Yo Yol Wa Yy of  ha iy, o
Yoo P, Bl (e ¥, 0] ||[Yha ty, B (3.149)
VB Ul |08 U, |[LfB o
1 B 0 B B By, B

and so there are both *P and ' P states. The eigenstates for the ' P can be deduced from one of the
“unambiguous” P states using the ladder-operator method referred to earlier. Taking, in particular,
the M, =1,M, =0 microstate of the > P, we can construct a wave function forthe M, = M, =0
microstate:

S (1INe" wma‘oc S 1+85 2 oY wma‘
o B4l =L i-1 8 0
+hfEEHT =5 i1 | v, 4
o< 1,8 wgp(,oc\Jr (O wz,)lﬁ\ (3.150)

OCQ?blsrlﬁ]‘q/)?pn1‘2a2_¢15r2/62¢2p0711a1
+¢137‘10é1¢2p“ 712[32 _wls Qaszp(, Irlﬁl

ch1sr1¢2p07}—’¢15732¢2p07'1 a2pB1l4+alp?2

The M, = M, = 0 microstate of the 'P state is easily determined since it must be orthogonal to Eq.
(3.150), and so

$ o w,alc S 145 2 [pa w,q
SN IS T A
+hfE i+ - i1 |t 0,4 (3.151)
vonn «|us w,el-lve 8

K¢15ﬂ¢2p013+w157:2w2p07'1 042/81_06152

Combining this result, we see that the wave functions of both states can be conveniently summarized
as
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\I’IP/;;P T,T, X

6B ol Flha 6,0

“wls"alqﬁm"}iwls"}wzporl a2flFalp?2
We can now evaluate the energy of these two states. We have
lpls ’r ¢2p0
:l:q/}h r 7702;0

¢15 n 77Z}2p0 b}
E, ;, <
/ i¢1< ’n ¢2p0 (r‘

wls rl w?p(, TQ s wls rl w?p(, 1,2
2 T n
i¢15 7,2 pr T.l i¢13 712 w?pl, 7’1

Ty, () Yy, ()21)0 ()

(3.152)

vi

- 2 -V; 2
- t=—-5+

Iri— ’"2\

< £, €, b ., €
77[}15 ()2170 Q) 1 ¢15 ()2% Q)
+¢, €, (ﬁ ¢, @y, €
b, €y, Q)} B4, €, €
i, @y, CPEE] b, €D, €
¢ls ()zpﬂ Q) EH( % ()2710 6)
i, €y, CREE Y €D, €
wmqmmélywmémm<>
(. v, €, €
( ,

\

_|_

b O o O, O 159

(v, €., et € €
<2 @+ B )20, ., €D
220, ., EPH|Y €Dy O

If we normalize the wave function, we find that Eq (3.153) gives:

b D, €D

EIP/;;P = E£E+ +E2’jj <¢19 T, T i TZ‘ Y, noY, T >
<¢“ Ty, T Y T Y T > (3.154)
= hls +h +J192p 152p

where h, and h,, represent the one-electron energies (in this case, the energy of a 1s and 2p electron
in the Helium cation). The “Coulomb integral”
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J, —<¢ R e [ > (3.155)
accounts for the Coulomb repulsmn between the electrons, and the “exchange integral”
<¢ nYn gt v > (3.156)

accounts for the effects of the Pauli exclusion prmuple.
The Coulomb integral is easily seen to be positive. We have that

J=(n v n e n o)
ooy
—ff‘ |r‘_‘ [ drdr, (3.157)
>0

because |¢ T | ‘zp T ‘ and are all nonnegative, and the integral of a nonnegative

|r — 7]
function must also be nonnegative.®

The exchange integral is always positive (for any pair of orbitals). Rewriting Eq. (3.156) in
integral form we have that

\’"1 ’"2\

=(emen

zwwr)
vono o U
=/ .

1_772|

dr.dr, (3.158)

>0
which is the Coulomb repulsion between an distribution, ¢, n ¢, n, and itself. The “self-

repulsion” of a charge distribution is always positive, so the exchange integral is also positive.

Pictorially, this result follows from the fact that when

is large, then |r, — 7| is small.
1 — )

Whenever the positions of the first and second electrons are sufficiently close together,

Y, m y, noand ¢, n, ¢, n, will have the same sign. Thus, in regions where is

| — |
large, the integrand in Eg. (3.158) is positive. (Even though the integrand can be negative when

|r, — | is large enough, in these cases is smaller, so the contribution to the value of the

L
integral from these regions is smaller.)

Because of the symmetry of the 1s and 2p orbitals, it is especially easy to show that the
exchange integral, K, is greater than zero in this case. Break the integral in Eq. (3.154) into parts

based on the sign of the 2p-orbital. We have

The fact that the integral of a nonnegative function must not be negative is perhaps unfamiliar. However, if you thing
of the integral as a Riemann sum it is obvious (since the sum of positive numbers must always be positive).
Geometrically, the result here (in six dimensions) is the analogue of the one-dimensional result wherein the area
under a positive-valued function must always be positive.
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Z( = T T
S, S 0
15,2p </I7Z}]e 1 llb?p 2

:<wls rl ¢2pu ’,12

\T]irz‘ d}]s 7 ¢2p0

=3

)
)

1
‘7’1—1’2‘ wls 7‘2 pr(, Irl 27>0

29>0

+ ¢ls ’rl w?p“ 7,2 ‘rlirg‘ wls 7’2 ¢2p”

=3

0 (3.159)

2,<0

)
)
)

=3

¢ls Tl w?po T:Z ‘rlirz‘ wls 7‘2 pro

2<0

+<¢ls Tl w?po TQ ‘rlirtz‘ ,(Zjls ’r‘? ¢2p0 ’r‘l

%<0
29>0

Using the symmetry of the 2p,_ orbital, v, z,y,2 =—v,, z,y,—2 , we see that the first and third
terms in Eq. (3.159) are the same, as are the second and fourth terms. Thus

<wls n w?p” T ‘rlirz‘ 17&18 b} w?p” LA >z1>0
29>0
K., =2 (3.160)
+<wls n pr(, 7 "”117’2‘ wls T w2pl, n >zl>0

2,<0

Writing the integrals explicitly for clarity, we have

0

f fwls ’r.l wls 7’2 w?p(, 712 ¢2p“ rl ﬁdxldyldzldeddeZZ]
o (3.161)

0

+[77 Tf fwls n YT wz”ﬂ L ¢2pu L \ﬁsz\dxldyle1dx2dy2dzz
—o00 —00 0 —o0 —00 —o0

Now, we choose the 1s-orbital to be positive and the 2p-orbital to be positive for z > 0. Then, the
first orbital in Eq. (3.161) z, > 0,2, > 0 is seen to be positive and the second orbital is seen to be
negative. Next we use the symmetry of the 2p-orbital and recognize that

Yy, T,Y,2 77[}2;;0 T,Y,z ==, ,y,—2 %po LY, =% . (3.162)
We can change coordinates, then, from » — —z, obtaining

S I S R S-SR

b = [ TTT T 0w v o, o |

-0 =00 0 —o0o -0 0

+[_]]]]]]w1q oY, T ¢2pu %Y,y N mdzldyldzld‘fzd?ﬁd%] (3163)
=0 0 -0 -0 0

—00 —00 — 00 —¢

:[]]]]]]@bls n wlg T, %p“ T, %,)” n %_mald%dzldxzdyzdzz]
0

—o0 =00 0 —o0 —0

The because the 1s and 2p, orbitals are positive for z > 0,

Yoy 1Yy 1y Yy, 1 Yy, 1 >0 (3.164)
Because the limits of integration imply that 2z, > 0 and 2z, > 0,

2 2 2
P e (3.165)

2 2 2
<\/:L'1 T, Y Y T T Z =N Tyl 2
and so
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It follows from Egs. (3.164), and (3.166) that each term in the integrand in Eq. (3.163) is positive,
and so

>0. (3.166)

K., >0. (3.167)

1s2p
Referring to Eq. (3.154), we see that
E,-FE,=2K_, >0

'p
~ 2048 cm™  experiment (3.168)

~ .009 Hartree experiment

That is, the triplet state has lower energy that the singlet state.

The precise explanation for this result is a bit complicated, but it is useful to remember that
the Pauli-exclusion principle means that two electrons with the same spin can never be at the same
place. Since it is energetically unfavorable for two electrons to be at the same place (because it
increases the electron-electron repulsion energy), this tends to lower electron-electron repulsion
energy. Indeed, as we observed in the preceeding derivation the difference in energy between the
singlet and triplet states is precisely due to a decrease in the electron-electron repulsion energy: all
the other terms (kinetic and potential) are, in the approximation considered above, identical for the
singlet and triplet states.

It should be pointed out, however, that once one considers the effects of electron correlation,
such simple intuitive arguments may or may not be valid. It is expected, however, that whenever a
single Slater determinant (or a symmetry-induced linear combination like that considered here) is a
good approximation to the wave function, the present argument should be valid.

2. Rationalization of Hund’s Rule #2; Maximum Orbital Angular
Momentum

To interpret the effect of L on the energy we consider, for example, the 2p® state of the

Helium atom. From Eq. (3.138) we recognize that there are *P, 'D, and 'S configurations for this
state, and Hund’s rules predicts that
E,,<E, < EIS. (3.169)
This ordering of states is, in fact, observed not only for Helium—for He
FE,, — E;, ~.008 Hartree
E,, — E, , ~.083 Hartree
—Dbut other atoms where the only unfilled subshell contains p-orbitals (C, Si, and the rest of the Group
14 elements).
If we do the same sort of approach as was used in the first Hund’s rules (but matters are much
more complicated now), we observe that
B, - E‘sp ~ 2
E']S — ElD S

where G is a positive quantity related to the Coulomb repulsion between electrons. Clearly Eq.
(3.171), which predicts

'D

(3.170)

~ 6

1p 25

(3.171)

E
E

- F
- K

IS lD

3
~ 3.172
5 (3.172)

'p ip
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Equation (3.172) is not accurate for the 2p* configuration of Helium (cf. Eq. (3.170)), which serves

to emphasize the unreliability of simple orbital models in this case (and for excited states in general).
Hund’s second rule says that, among states with the same multiplicity, larger values of L are
more stable. The “picture” behind this is that, ina 2p, orbital, electrons move in a clockwise fashion

in an annulus-shaped orbital near the origin, while electrons in a 2p_ orbital move in a

counterclockwise fashion. Thus, the electron repulsion associated with the ‘2p+oz 2p, B3| state is less

than that associated with the ‘2 P 2p7ﬁ‘ state because the electrons “encounter” each other less

frequently.’® Referring to Eq. (3.138) we see that the energy of the ‘2p+a 2p. 8| microstate has the

same energy as the 'D term while the less favorable ‘2p+a Qpﬁ‘, ‘proz 2p. B

,and ‘Zpooz 2p, B

states contribute to the 'S state. (The ‘2])004 2p, 0| state is higher in energy because the 2p, orbital

is roughly half the size of the 2p,, orbitals. This follows from the fact that BOTH the 2p_ and the
2p, orbitals are formed from the spatially identical 2p, and 2p_ orbitals.)

3. Rationalization of Hund’s Third Rule

Unlike the first and second rules, Hund’s third rule pertains to the splitting within a single
atomic term, rather than the spacing between terms. Hund’s third rule states that for shells that are
less than half-filled, the smaller values of J are associated with lower energy. For example, the °P,
state of Carbon lies 16 ¢m ™" higher in energy than ground state (°P,). (The °P, state lies 43 cm ™
higher.) The splitting increases as one moves down the periodic table: the the °P, and *P, states of
Silicon are 77 ¢m ™" and 223 em™ higher in energy than °P, ground state, respectively. However,
for shells that are more than half-filled, larger values of J are associated with lower energy. For shells
that are half-filled Hund’s third rule provides no guidance; for shells that are close to half-filled
(especially if they correspond to excited states), Hund’s third rule is unreliable.

Hund’s third rule reflects spin-orbit interactions. To understand the spin-orbit interaction,
imagine that you could “ride along” with an electron as it orbits the nucleus. From your viewpoint,
then, the electron would be still and the nucleus would be moving. Recalling that moving charges
“generate” magnetic fields, it is clear that an electron feels not only an electric field from the nucleus,
but also a magnetic field. (As the speed of the electron gets very large, the apparent magnetic field
becomes very large, overwhelming the effect of the electric field.) This magnetic field, due to the
orbit of the electron around the nucleus, interacts with the spin magnetic moment of the electron,

fy i =—g5=8 i (cf. Eq.(3.48)), which leads to what we call the spin-orbit interaction. The spin-

orbit interaction is usually omitted in the Hamiltonian (we do not consider “magnetic” effects due to
the nucleus, but only the “electric” effects), but to include it we need merely add the extra term

10 Asa child, your professor was prone to being harassed by bullies. The preferred mode of escape (I was swift like the
wind) was to run from the bully and find a large tree, swing-set, or other object. Then the bully would run around
the swing-set (think “nucleus”) to try to catch me and I would proceed to run in the same fashion, keeping the bully
on the opposite side of the set (until eventually he would collapse from exhaustion). Clearly the interaction “energy”
between the bully and me was minimal when we both ran in a clockwise (or counterclockwise) fashion around the
swing-set, since | could keep a large distance from the bully in this case. On the other hand, should I have decided
to run counterclockwise whilst the bully ran clockwise....
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=3 Z | —ir.—g—8i (3.173)
i1 4me,r” \2me ' 2mc
N 2 R R
_ Ze Lr -Si

4

" 16me,m*c’r’ J
Now, when the orbital angular momentum and spin angular momentum of the electrons are directed
against each other, J =|L— S| and L-S < 0. In this case, the spin-orbit term is attractive (the

potential is negative since L T .S i will have a negative expectation value). Thus, the spin-orbit

term in the Hamiltonian is as small as possible when L - S is as small as possible, which occurs when
L-S=—|L||S| and

\J'= L+8 - L+8 =|L[ —2|L||S|+|S[

=|L-S[.

Recall that the term symbols for less than half-filled shells and more than half-filled shells
were the same (cf. Table 3.2). For example, the 3d” and 3d° electron configurations are associated
with the same terms. The picture is that in 3d° electron configuration is a 3d*> configuration of
electron holes. An electron hole is just the absence of an electron; it has a positive charge that “cancels
out” an electron. Thatis, a 3d° configuration is the same as a 3d" configuration of electrons plus a
3d* configuration of holes, which cancels out the “extra” two electrons in the 3d" configuration.
When considering shells that are more than half-filled, it is better to consider electron holes than
electrons themselves. (This is true for much the same reason it is better to consider electron holes
when developing term symbols for these cases.) However, because holes are positively charged, the
spin-orbit interaction for holes is opposite to that for electrons. (Specifically, the spin angular
momentum of a “spinning positive charge” is the opposite of that of a negative charge,
~ hole +e

_ 5 - ~electron 11
= g G e 1
2mece

Because the sign of the spin-orbit Hamiltonian, I{TS.O', (cf. Eq. (3.173)) changes when we

consider holes instead of electrons, while it was best to keep the spin and orbital angular momenta of
electrons opposed, it is best to keep the spin and orbital angular momenta of holes aligned. So for

shells that are more than half-filled, we want L T - S i to be as positive as possible, which occurs

when J = L + S . Ergo, for shells that are more than half filled, large values of J are associated with
minimum energy.

(3.174)

V. More on the Hartree-Fock method

At this stage we have shown how to determine the term symbols for an atom and how to
determine, for each term, one or more Slater determinants (or linear combinations of Slater
determinants) with the specified values of L, S, and J. Just as in the case of the Helium atom, we
want to determine which orbitals we should use in the Slater determinant. We could use the
Hydrogenic orbitals for the atom in question, but we already saw that this gives poor results for the

11 The Landé g-factor for a hole is the same as that for an electron, g,

= g electron
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Helium atom; there is no reason to expect that many-electron atoms would be any better. For the
Helium atom, it was much better to use Hydrogenic wave functions with an effective nuclear charge.
Best of all, we could use Hydrogenic wave functions with a local effective nuclear charge: an
effective nuclear charge that depended on the distance from the nucleus.

For example, consider the ground state of Lithium. As a Slater determinant for the ground
state we can consider

Y hS Pa

Yyl Y Bl Y,nal

® n,0l1;im,02;1n,03 =

1 (3.175)
- ﬁ ¢1 rn « 2 % T, ﬁ 2 % n « 2
¢1 LERRS 3 7701 L 63 wZ LERRS 3
where
Yyor =1, ¢, r b ox e T

4[4257,,. ] (3.176)
v, T =1, G, rrbo x2—(, rre?
That is, we have two orbitals, one of which is “1s-like” and the other of which is “2s-like.” These

orbitals should be orthogonal and normalized (just like the 1s and 2s orbitals of the hydrogen atom),
though if they are not orthogonal this only changes the normalization constant for the Slater

determinant (which is @ for non-orthonormal? orbitals). Referring to the analysis preceding Eq.

(3.32), it is clear that any orbitals can be written in the form of Egs. (3.176), so we can determine the
optimal effective nuclear charges by minimizing the energy with respect to the effective nuclear

charges
| (v 68 wolfifva v wa
El = min
Grier <1/J10‘ wlﬂ w2a‘q/)1a 7/11/3 Q/)2()‘>

or, equivalently, minimizing the energy with respect to every possible choice of orthogonal and
normalized orbitals,*3

> (3.177)

. = min <
(Wi vs)=5

Both methods yield the same approximation to the ground state energy and wave function, but Eq.

(3.178) is much more common. Equations (3.178) (or (3.177)) define the restricted Hartree-Fock
approximation.

Why do we refer to Eq. (3.178) as the “restricted” Hartree-Fock approximation? Inspecting

Eq. (3.178), we note that there are two alpha-spin electrons but only one beta-spin electron. Recalling

figure 3.6, we recognize that the Pauli exclusion principle will force the 1s electron with « -spin to

a

b 0B o] Hlpa g ’g/)2a>. (3.178)

12 Orthonormal orbitals are orthogonal and normalized. We often write this constraint as <y/i |z//j>:5ij where g is
the Kronecker delta. The Kronecker delta is just the identity matrix. That is,

{l i=j
é‘ij: . .
0 i+ ]

13 If the orbitals are orthogonal, then the Slater determinant wave function is normalized. Therefore, in Eq. (3.178) we
do not have to divide by the normalization factor, like we did in Eq. (3.177).
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stay further away from the 2s electron, while the 1s electron with [ -spin is allowed to approach the

2s electron more closely. This suggests that we should choose different orbitals for the «-spin 1s
electron and the (3 -spin 1s electron. This leads to the unrestricted Hartree-Fock method,

. = min <¢1“ a P’ B P a‘ﬁ a3 Y a‘> (3.179)

(o o )=,

8| 8
<'(;’,'l N >:l

One finds that
« The unrestricted Hartree-Fock energy is lower than the restricted Hartree-Fock energy.
This is because the unrestricted Hartree-Fock wave function incorporates a small amount
of electron correlation.

. Unfortunately, the unrestricted Hartree-Fock wave function is not an eigenfunction of 5”
We say, then, that the unrestricted Hartree-Fock (UHF) wave function is spin-
contaminated. For Lithium the UHF wave function is a mixture of the doublet (S = 4
and and quadruplet (S = £) states.
It is useful, perhaps, to include another, more complicated, example. For example, the orbitals
for the nitrogen atom (in its ‘S quadruplet ground state) can be determined from
E* = min <‘17/)1oz GO b 0B Yo o do|Hlna ws wa BB da v /¢5a‘> (3.180)
(], )=5,
Eq. (3.180) uses the restricted Hartree-Fock (RHF) wave function. Note that we do not have to
specify that «, = is 1s-like, ¢, = is 2s-like, and ,,, = are 2p-like; this will follow naturally
from the minimization over all the possible choices of orbitals. The unrestricted Hartree-Fock method
reads, instead,

¢1“a 77[)1*’6 %“a @D?‘dﬁ 1/}3“a ¢4“a "/)4“ CM‘
EY. = mi (3.181)

2 3 [& I} c c c
ol \x Bt w8 wa 7B wa Yla gl

E).. > E},., which marks the energy of the UHF method as superior. However, while the RHF
wave function gives

gQ(DRHF =nh' % D (3.182)

(which is consistent with a quadruplet), the UHF wave function is not an eigenfunction of S* and, in
fact,

<<I>UHF g <I>UHF> <B B (3.183)

That is, the UHF wave function is a mixture between a quadruplet and a doublet state. (The fact that
one can mix an approximate wave function for a doublet state—which is higher in energy than the
wave function for the quadruplet by Hund’s first rule—with a wave function for the quadruplet state
and improve the energy over the RHF method gives some hint as to how poor the RHF wave function
really is.)

Regardless of all the divers failings of the Hartree-Fock method, it is very popular because the
results (orbitals and such) are easy to interpret and the calculations are much easier than the more
accurate techniques we’ll talk about later in the course. For completeness, we write the Hartree-Fock
procedure (either UHF or RHF, depending on whether the spatial parts of « -spinand /3 -spin orbitals

are the same (RHF) or different (UHF)) as
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<zs‘l‘, ‘ﬁi‘J >:(51]
How should we determine the orbitals in Eq. (3.184)? Recalling Eq. (3.177), one to use the
idea of a position-dependent effective nuclear charge, cf. Eq. (3.22). For the Nitrogen atom, for
example, we would take

Y, T xXe
1/)25 r 2_425 r79’¢ r 67@5 roe (3.185)

wZPm r CQS T79;¢ 7’167(2” 0.9 Y;m 07¢

Using orbitals like (3.185) was already very difficult for the Helium atom, and so we dare not try it
for larger systems. Another possibility is to expand the orbitals in a complete set of orthonormal
functions, e.g.

> . (3.184)

—(iy 70,0

oo =S ko T (3.186)

j=0
One might, for example, use the wave functions of the 1-electron atom as the ¢, = . This can be

(and has been) done, but one must be careful: one must use all the states of the Hydrogen atom,
including the unbound states (continuum states with positive energy). The positive-energy states are
quite difficult to include, and this led people to use more general family of orthogonal functions. For
example, Shull and Léwdin used the Laguerre polynomials, and then

i = 7' V" 0,0 Zx?cn,lmﬁij 27r (3.187)
J=0

Any one who has ever tried to evaluate integrals for hydrogenic orbitals can appreciate the difficulties
that are encountered for the higher values of j in the above series.

Slater noted that by writing out the Laguerre polynomials and combining coefficients of the
same power of 7, one can rewrite Eq. (3.187) as a polynomial times a “hydrogenic” scale factor.

Uy =TTV 0,6 5 0d,, T (3.188)
k=0

Reasoning that it would be even better to replace Z in Eq. (3.188) with an effective nuclear charge
appropriate to the orbital, Slater proposed using a basis set with the following form

Xpiw T 0T e STV 0,0 (3.189)

Here n > 1+ 1 and — < m <, consistent with the hydrogen atom. Functions with the form of Eq.
(3.189) are called Slater Type Orbitals (STOs).}* Slater type orbitals are used in most high-accuracy
calculations for atomic systems.

To use Slater-type orbitals in a Hartree-Fock calculation for an atom, one expands s-type
functions in terms of s-type Slater orbitals (I = 0), p-type functions in terms of p-type Slater orbitals
(I =1), etc.. Theresult is that, for Nitrogen, each orbital in Eq. (3.180) will have an expansion,

14 Note that Slater-type orbitals are not orthogonal to one another.
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p=0

G oy = e (3.190)

p=0

o0
_ ny1 =1 =,y 0,41
¢3,4,5 L& wQPn.ix r _ZCPQPT € l Yi 0,¢
p=0

and, when this is done quite accurately, the RHF energy is —54.400934 Hartree, which is
.18832 Hartree above the true energy. For an unrestricted Hartree-Fock calculation, one obtains

E,,» ~ —54.405 Hartree , which is less than the RHF energy but still far from the true energy of the

system. Since the UHF determinant is not an eigenfunction of S, it is inappropriate for use in
discussing term symbols and and spectroscopic states. However, for qualitative purposes, either the
unrestricted or the restricted Hartree-Fock orbitals will usually suffice.

VI. More on the Energies of Atomic Terms; Revisions to
Hund’s Rules

A. The Russell-Meggers and Kutzelnigg-Morgan Rules

In the context of the Hartree-Fock model, it can be helpful to reconsider Hund’s rules. As
stated before, Hund’s rules are general accurate for ground states, but for excited states Hund’s rules
are not especially reliable. For example, suppose we do a Hartree-Fock calculation for systems with
a closed subshells nd® configuration, where n is the principle quantum number. The terms are

SF,*P,'G,'D,'S , and this is the energetic order one would predict from Hund’s rules. But the actual

order that is observed is °F,'D, P, 'G,'S . The ground state term is predicted successfully, but not

the ordering of the excited states. And what of Cerium, with ground state electron configuration
closed subshells 4f'5d'? The predicted terms (in Hund’s rule order) are

‘H;°G,°F;°D;*P;°S;'H;'G;'F;'D;'P;'S but the ground state from a Hartree-Fock calculation

(which agrees with experiment) is 'G .

The simple fact is that Hund’s rules are not perfect, but with the exception of Cerium, they
work for the ground state of every atom that can be considered using the L-S coupling scheme (as
opposed to the j-j coupling scheme required when spin-orbit effects dominate). Excited states are
definitely suspect, as has been recognized at least since Slater’s work in the late 1920°s. One way to
resolve this difficulty is to actually perform a calculation and find the level of the energy levels.
Often, but not always, the order of the states from Hartree-Fock calculations is correct, even though
the relative spacing is often poor. (For terms that are not associated with the same electron
configuration as the ground state, the Hartree-Fock approximation is much less reliable.)
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For systems with two electrons outside a closed subshell, one can avoid direct calculation
because alternatives to Hund’s rules are available. Hund’s first rule is replaced by the Russell-
Meggers rule®, while the second is replaced by what I’11 call the Kutzelnigg-Morgan rule.®

Russell-Meggers rule:’ Calculate —1 """ =41 where L is the total orbital angular
momentum, S is the total spin angular momentum, and [ and [, are the angular
momenta of the orbitals in the electron configuration. States with —1 “"" = —1
are said to have odd parity (ungerade) (because ¢ r,r, = — —r,—n, )and states
with  —1"""™ =41 are said to have even parity (gerade) (because
Y r,1, =1 —r,—7n, ). The relative ordering of states is
odd parity singlet states < triplet states < even parity singlet states (3.191)

Kutzelnigg-Morgan rule: ~ Given a choice between two triplet states, the odd-parity state is usually
lower in energy. Among states with the same parity and multiplicity, the optimum
value of L is approximately'®

~ ll + lz

L, N (3.192)
These leads us to conclude that the ground state for Cerium is in fact an odd parity singlet
state ( —1 """ = —1 "*"* = —_1) and among the odd-parity singlet states ( L = 0,2,4 ) the optimal
Lis
. 2+3
Spt ~ W ~ 3.53 y (3193)
which iscloserto I =4 than L = 2.
For the d* configuration, no odd-parity singlet states are possible. However,
2 242
L{ipt ~ W ~ 2.83 (3.194)

15 Even though Russell and Meggers’ work dates to 1927—just two years after Hund’s most important contributions, it

seems to have never caught on. This is partly due to the quantitative approach of Slater (which appeared just two
years later) and partly due to the fact the Russell-Meggers rule is more complicated and less broadly applicable than
Hund’s rules. There is a way to extend the Russell-Meggers rule to more than two electrons outside closed subshells,
but one must “couple” successive electrons to the 2-electron shell and keep track of the types of interactions that
occur; as the number of electrons increases, the number of possibilities burgeons and the bookkeeping becomes
complicated.

16 The Kutzelnigg-Morgan rule dates to 1996. As I’ve said before: “If the result wasn’t derived in the 1920’s or ‘30,
you don’t want to know [how it was derived].”

1 The Russell-Meggers rule is often called the alternating rule.

18 Actually, Kutzelnigg and Morgan derive that Lot W—Z”—% . The approximation in Eq. (3.192) seems to work a bit

2
better when I, and 1, are relatively small. For | +l,>5, I'd use the more exact formula (L, ~*%£=-1).
Moreover, when |, « 1, and 1, is large, one should use the alternative rule (also due to Kutzelnigg and Morgan) that
2
LI1<<I2 zI + IZ +%|2 _%
R TR |
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which is closerto L =2 (*D)than L =4 ('G). So E['D] < E['G] < E['S]. Similarly, there are
two odd-parity singlet states (*F and °P), and the Kutzelnigg-Morgan rule dictates that
E[SF] < E[sP]. Combining the Russell-Meggers and Kutzelnigg-Morgan rules, we can infer that
E[’P]< E['G] < E['S], and also that E['D]> E[’F|. However, determining whether the *P or

the 'D state lies lower in energy requires determining whether it is more important that the 'D has
closer to the optimum value of L or whether it is more important the *P is an odd-parity triplet state
while 'D is an even parity singlet state? In this case, it turns out that E['D] < E[P].

B. Rationalization of the Russell-Meggers and Kutzelnigg-Morgan
Rules.

Where do these rules come from? The Russell-Meggers rule can be understood by examining
the 'P state of a 2p'3p' system. One has that

¢2pn 'r.l w3p1 ”’.2 +w3p1 7"1 1/}2170 TQ
U, o
_¢21’1 Tl ¢3P0 7’.2 _¢3Pn 1"1 wQPl TQ
Using the fact that

alfB2-a2p1 (3.195)

Uy, TP =Ry, T Y 0,0

. (3.196)
¢3pu_i1 T797¢ - R3p T }/10' 9,¢
we can write Eq. (3.195) as
R2prlR3prZ_R3prlR2pTQ
U, . ) : . alfB2 -—a2pl (3.197)
X Yl ‘917¢1 Yl 927¢z _Yl 917¢1 Yl 925¢2

V., (Eq. (3.197)) iszeroif 6, =6, and ¢, = ¢, OF if 1, =1,.)

For comparison, let’s consider the analogous wave functions for the *P, D, and 'D states.
We have

wQPo 7’1 w31’1 TQ - w3!’1 7‘1 wz!’o 7’.2
\Ifi;Poc alfB2+a?2pp1
_wz " n ¢3 o T, + w:s o n wQ n T,
, (3.198)
o' . X ) . alfB24+a?2 1
X Yl 015¢1 Yl eza(z)z _Yl 01>¢1 Yl 925¢2
wz Po rl ¢3 Py 712 o 1703 P rl ¢2 Po 712
+¢2P1 rl ¢3pn T‘Q - wspn 7"1 ¢2P1 TQ
, (3.199)
RZp Tl R3p r2 _‘RSp ,rll RZ[) TQ
X . X : . alfB24+a2pp1
X YD 0,0 Y] 0,0, +Y7 0,0, Y 0,0,

and
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ZZ)QPU ’r.l w3px 7-.2 + 1p31)1 Tl ,w?l)n 7"2
\IleOC 061/82—04261
+w2p1 T wﬁipl) T, + ¢3pﬂ n ¢2 n T
(3.200)
RZp Ti R3p T‘Z +de Ti RZ]) T2
o . X : . alp2—-—a2pl

X }/1 917¢1 }/1 027¢2 —J’_}/l 917¢1 }/1 027¢2

The U, iszeroif 6§, =6, and ¢, = ¢,; ¥, iszeroif r, =7, Ingeneral, ¥, =0 evenif , =1,

, 0, =10,,and ¢, = ¢,.
The electron-electron repulsion of these states is computed from

V. = < > [ ¥ s [ drdr (3.201)

Ir—rl
RZp 701 R&p 7/'2 +R3p /,"1 R?p T2
x Y 0,0 Y] 0,6, +Y] 0,0 Y 6,0,
(182 -a2pf1|alf2-a2p1)

In— Tz\

In general,*®

v

b T | o

| (3.202)

Rlp rl R3p T"Z +R3p rl R?p 7,2
X

< Y7 0,0 Y] 0,0, +Y] 6,6 Y 6,6,

>0
This means that, in the singlet D state, there is a reasonable probability of observing two electrons
in the same place at the same time.
When we examine the triplet states, it is clear that the probability of observing two electrons
in the same place at the same time is zero. For example, we have that

2

2 R‘Zp Ti R"Jp Ti +R3p Ti RZp rl
\IJ“P Tl’rl‘ & 0 1 1 0
X Y; 017¢1 le 017¢1 _Y1 917¢1 le glagbl
2R, © R, 1 - 0] (3.203)
=0
Focusing on the spatial part of the wave function, it is clear from Eqg. (3.198) that the spatial portion
of the triplet wave functions is antisymmetric; e.g., ¥,, n,n, =—-¥,, n,n, . Writing c = ntn
and d = 21
v, n,n, =¥,, c—dic+d =-9,, c+dc—-d =-9, n,mn (3.204)

Thus, when electrons are close together (|d| is small), we can expand the wave function in a Taylor
seriesin d,

19 Since we want the probability of observing two electrons in the same place, we “integrate” (more precisely, we sum)
over the spin components. This gives the second line of Eq. (3.202).
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v, , c—dc+d =V, ¢cc +d-nc +0d-d

=0+d-nec +0d-d.

Equation (3.205) has the property that when we replace d by —d, the sign of the wave function
changes. Here, n is the vector that is aligned with the nodal surface (the surface on which the wave
function, ¥, , ¢ +d,c—d , is zero for a given value of c). If we use Eqg. (3.205) to calculate the

probability of observing two electrons close together, we find that
0., c—dic+d| «|df

(3.205)

, (3.206)
2

V., mom [ ol =
for small interelectron separations, |1~1 — r2| Comparing this to Eq. (3.202), we conclude that, in
accord with the Pauli principle, the probability of observing two electrons in the same place in a triplet
state is zero. What is more, the probability of observing two electrons near each other is small. (You
may wish to refer back to Figure 3.6, which plots the relative probability of same-spin (appropriate
to the triplet state) and opposite-spin (appropriate to the singlet state) electrons being close to each
other.)

For the 'P state a similar treatment applies. The Taylor series expansion of the wave function
forsmall d = 2= is

U, c—dec+d x¥ cc +d-nc +d-Pc-d+... (3.207)

Since the probability of observing two electrons in the same place (cf. Eq. (3.197)) is zero,
U ¢,c = 0. Furthermore, the spatial wave function in Eq. (3.197) is symmetric with respect to the

exchange of electrons, so d-n ¢ must be zero also. The term that remains is quadratic in d , so for
small interelectron distances,
UV, c—dec+d xd-d
(3.208)
v,
Consequently, analogous to Eq. (3.206), we have that
2
“I’QP r.m, ‘ o |r — 1,2|4 (3.209)

Thus, the probability of observing two electrons close together in the ' P state is even smaller than it
is for a triplet state.?°

Examining Eq. (3.201) for the electron-electron repulsion energy, it is clear that the electron-
electron repulsion energy is large when electrons have a high probability of being close to each other

(so that [V n,m, |2 is large where — has a large value). For the triplet states, [V 7, |2 is small

‘Trrz\

2
r,my o |n —n)

20 For example, if |r1 - r2| ~.1, then we expect the probability of observing two electrons .1 units apart in a triplet state

to be proportional to .01. By comparison, the probability of observing two electrons .1 units apart in the 'P state is
proportional to a measly .0001. This result can be understood based on the expressions (3.197)-(3.200). The wave
function for the 'D state is rarely zero. The wave function for the P is zero if either the angular coordinates (°P)
are the same. The wave function for the 'D state is zero if the radial coordinates are the same. However, the wave
function for the 'P state is zero if either the radial coordinates or the angular coordinates are the same. Thus, in the

D state electrons are allowed to have the same radial coordinates; in the singlet *P state electrons are allowed to
have the same angular coordinates. Both of these arrangements of electrons are unfavorable and neither ever occurs
inthe 'P state. Thus, the 'P state has a lower energy.
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where L is large; for the 'P state, |\IJ T, |2 is even smaller where L is large. Thus, we
predict that the electron-electron repulsion energies will come in the order
V.['P|<V,[*P]~V,[’D] <V, ['D] (3.210)

which gives an ordering of states that agrees with the Russell-Meggers and Kutzelnigg-Morgan
rules.?

C. The Effects of Orbital Relaxation

You will often find objections to the above argument in books. The reason is that when one
actually performs unrestricted Hartree-Fock calculations for atoms, one often observes that even
though the energies of the states are appropriately ordered,

E['P|< E[*P|~ E[’D] < E['D], (3.211)
very often the calculated electron-electron repulsion energies are in inverted order, e.g.
V,['P|>V, [’P]~V,[’D]>V,['D]. (3.212)

This is often cited as evidence that the above argument must be in error. We should not be so hasty,
though. Our argument is based on using the same orbitals for each multiplet. (Thatis, &, r and

R, r are held constant in Egs. (3.197)-(3.200).) When we find the optimal orbitals, we observe

that the radial wave function for the 'P state is more compact than that from the 'D state and, indeed,
because the electrons are packed closer to the nucleus in the 'P state, the electron-electron repulsion
energy in the 'P state can be larger, along the lines of the hypothetical ordering given in Eq. (3.212)

To understand this paradox, suppose you do a Hartree-Fock calculation for the 'D state. One
finds the radial wave functions RQf r and Rsf r . If we evaluate the electron-electron repulsion

energy of the °P, °D, and 'P states using these radial wave functions, we’ll obtain the ordering of

electron-electron repulsion energies given in Eq. (3.210) and the ordering of energies given in Eq.
(3.211). Now, let us find the optimal orbitals for the D state. When we shift from the ' D state to

2L The relative energies of the °P and °D states are computed using the Kutzelnigg-Morgan rule. We can see how this
rule is derived (in qualitative) terms from the wave functions considered here. Inthe °P state there is a tendency for
electrons to stay away from each other angularly; note that there is zero probability of observing the electrons in a
®p state with the same angular coordinate. Inthe ®D state, there is a tendency for electrons to stay away from each
other radially, with zero probability of observing the electrons in a *D state having the same value of the radial
coordinate. In general, the “angular” exclusion rule is more beneficial; in the *D state it is possible for one electron
to “get between” the other electron and the nucleus (so that the nucleus and the two electrons are all in a straight line),
which effectively shields the outermost electron from the nucleus. This is impossible in the *P state. In the first
instance, the Kutzelnigg-Morgan rule favors states with odd parity (which have angular exclusion) over states with
even parity (which have radial exclusion). The second part of the Kutzelnigg-Morgan rule is useful when there are
several odd parity states in which the angular coordinate is forbidden to be the same, as then the Kutzelnigg-Morgan
rule will distinguish between them. When |, and |, are not too big, Hund’s second (maximum L) rule tends to hold
in the following sense: the odd parity state with the largest L is the most favorable. | picture this as being due to the
fact that the spherical harmonics with maximum m, are are “less fragmented” and thus, in some sense, more
conducive to electrons “avoiding” each other. (This is an imperfect explanation, since it doesn’t explain why in the
6h? configuration, the optimal angular momentum is L =7 (and not L =9). However, the 6h* configuration is not
that important in chemistry. If you should ever need to describe such states, just remember that the Kutzelnigg-

Morgan rule works here too ( L';pt ~7.07).)
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the °D state, the electron-electron repulsion energy goes down. Now, if the electrons move closer to
the nucleus, the electron-nuclear attraction energy decreases but the electron-electron repulsion
energy increases, since the electrons are now packed into a smaller region of space. Since the
electron-electron repulsion energy is less for the °D state, it is favorable for the orbitals to contract
to the nucleus. Thus, because the electron-electron repulsion is smaller in the *D state than it is in
the 'D state when the states use the same orbitals, when we find use the Hartree-Fock method to find
the optimum (lowest-energy) orbitals for the D state, we observe that the optimum orbitals are closer
to the nucleus. This contraction lowers the energy of the D state (recall that the Hartree-Fock
method amounts to finding the orbitals that minimize the energy), so that the difference in energy
between the 'D and *D states is even larger than what we would predict if we used the same orbitals
in Egs. (3.200) and (3.199).

Similarly, using the Hartree-Fock orbitals for the *D state, R,” r and R,” r , to compute

the electron-electron repulsion energy of the 'P state, we observe that V,,['P] < V,,[*D], in accord

with Eqg. (3.210). If we implement the Hartree-Fock method, and use the Hartree-Fock (= lowest-
energy) orbitals for the 'P state, the energy of the 'P state will be even lower. Again, the general
tendency is that since the electron-electron repulsion in the 'P state is relatively weak, it is favorable
for the electrons to “move in” towards the nucleus, so that the electron-nuclear attraction energy
decreases. After the orbitals have relaxed, the energy ordering will still be the same, but the electron-
electron repulsion energy might not be, because the orbitals in the 'P state are more compact than
those in the *P and *D states, which are in turn more compact than those in the 'D state.

*P with orbitals from 'D

X . ' . ’P with HF orbitals P ‘P
°D with orbitals from "D

'D *D with orbitalsfrom *P s ) 1U_ ;)U

D with HF orbitals D

'P with orbitals from 'D . . . 5
P with orbitals from D

'P with HF orbitals

'P with orbitals from *P

Figure 3.8. In the first figure, all the states are described using the orbitals of the 'D state. Then, the Hartree-Fock
orbitals are determined for the *P state (presuming this is higher in energy than the °D state) and
used to describe the lower-energy states. Next, the Hartree-Fock orbitals are determined for the °D
state. With these “optimum” orbitals, the energy of the *I) state (and usually also the "P state) goes
down. Finally, we determine the lowest-energy orbitals of the 'P state.
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VII. Alternative Derivation of [H L} =0

Insofar as the derivation of [ﬁ, L} = 0 is one of the harder ones in this course, it seems
prudent to present an alternative approach. Both the derivation in section IVA and the derivation here
demonstrate important mathematical techniques, so you will be well-advised to master both. As
before (cf. Eq. (3.96)), L. commutes with the kinetic energy and electron-nuclear attraction terms in
the Hamiltonian, so we need only show that

L.V.]=0, (3.213)
where
R N N 1
V.=> 2. (3.214)

i=1 j=i+1 ‘ﬁ - ’I"]‘
is the electron-electron repulsion potential. Since the commutator of a sum of operators is the sum of
the commutators,

[A,ZBLI - Z[A, BZ,] (3.215)
we have that
R R R N N 1 N N |, 1
L 7,..r, ,Vee}: L om,eary > => > |L, 7.7y ,——|.  (3.216)
i=1 j=i+1 "l“Z — 'I”‘J‘ i=1 j=i+1 "f‘[ — ’I”‘J‘
Recalling that (compare Eq. (3.75))
. N
L n,..ry, =YL r (3.217)
i=1
and using the rule for the commutator of a sum again, we have that
R R N N | . 1
[LI Ty Ty ,VEE]:E SIL, 1y
i=1 j=i+1 ‘Ti — ’r']‘
N N | N 1
=Y > L (3.218)
i=1 j=i+1| k=1 ‘7} - ’l"/‘
N N N |, 1
=22 2| T
i=1 j=i+1 k=1 "f; - Tj‘
Recall that (Eg. (3.102))
L r =—ih yki—zk 0 (3.219)
9z, oy,

Now, it is clear that
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[A,z T, L v orn,..,r ih[yk 2, 0 ] ! vor,..,ry
r, k oy, J\|r. — 7]
_ ! —ih[yk 0 -z, i] U or,..,ry (3.220)
T 9z Ay,
= ! ‘ir o Uon,..ry
rn=r
unless i or j is equal to k. Thus, unless % equals i or j, we have that??
L rn ,—|=0 ko= ik = . (3.221)
r. =)
Using Eq. (3.221), the innermost summation in Eq. (3.218) can be simplified
N | . 1 . -
L, m, =L, 7, +|L, 7,
r. =) =) =)
(3.222)
i rj‘

We will show that Eq. (3.222) is zero, which will then imply that Eq. (3.218) for [L,V] is also zero.

To evaluate
jl,L. T, +LAw r, = —th yii—zi 0 +y. 0 -z, 0 , (3.223)
‘ ’ 0z, dy, 0z, 0y,
it is convenient to use the chain rule, whereby
0 0 2, — z ) B )
0z, 0z, 0 2z —2z 0 2, —z
(3.224)
0 . 0 Zi — Zj 0 _ 0
0z, 0z; 0 z —z 0z — 2
and, similarly,
0 0
oy, 0y, —vy, (3.225)
0 0 '

83/]' 0 Y, _yj .
Substituting these results into Eq. (3.223), we have that

22 Equation (3.221) can be written in a compact form using the Kronecker delta,
- 1 ~ 1
I:LX (rk ),|—] = (6ki +5kj )I:LX (rk ),|—] .
i

, ri—rj|
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Y t 0z, —z "0y —y, 10 2, -2, 0y —
(3.226)
0 0
=—h|ly —y —mm8— 2z — 2.
YY) 0z, —z 0y -y,
Using this result, we have that
ﬁT T —|—sz L v or,..,r
" B it
1
= —ih| y, — ¥, _9 z, — 2 0 U or,...,ry (3.227)
azz‘_zj ' ayz_yj ‘rz‘_"}‘
ih 0 0
+ Y=Y, 7/ — zi—zj—\If'r'l,. Ty
‘Tz_'r}‘ 9z, —2z 9y, —y,
The first term in Eq. (3.227) can be simplified using the product rule for derivatives:
—ih| y, —y, 9 2z, — 2 4 1 U or,..,r
9 2z —z 9y —y, |77_rj|
0 1 0 1
=—ih|y —vy. Uor,.,ry |[— 2 —2, U r,...,n
Y — Y, 0 2z -z, |’I°,—’I“]| 1 ]V] j 0y —y, [|7j—7‘j| 1 N]
' (3.228)

Uor,..,ry U,—Y

1 jg 0
1 0 4
A A e

Combining Egs. (3.228) and (3.227) all the terms involving differentiation of the wave function cancel
out, yielding

1
[ — 7|

0
;) 2z, — 2,
= —th '

U Gemy X YO M

57



7 1
L IrL +L rj; \IJT’U 7TN
r. 7]
0 1
=Vomn,.ny |<ih| Yy -y, -z, —Z,
o [ - 0a—y 70y, —y, ‘r'r‘]

| ) 1 i
= =¥ Ty | Y-y — e
ST ‘T; a Tf‘ Y —Y;

1
=)

v D o | 1 tJ
b ]/ég_zj)\/é_xj} Q_yj} (‘Zj;

_6 Z]/\é@ :£ J
(= }( DX EE

Cv % o) ]

N € oD G - §§

/_ (2% CO-v) ] (3.229)
| @—xj>+ vt 6—433

= —ih¥ €.,y \)_ (_yj X_ Zf) (ZJI%:}
| ((—IJ} Q—yj} (—zjjﬁ
=0

The derivation is completed by substituting Eg. (3.229) into the results from Egs. (3.222) and (3.218)

= —th¥ (’"'7"}\/
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(3.230)
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